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3: I. INTRODUCTION

Computer programs for the new E-field solution for a conducting

surface of revolution are described and listed in this report. The new

E-field solution was introduced in [1]. It is assumed that the reader

is familiar with [1]. The conducting surface of revolution is called S.

The surface S may be either open or closed. Neither fins nor wires are

attached to S. If S is open, then S is assumed to be bounded by at most r

two contours, one at the beginning of the generating curve of S, and one

at the end of the generating curve of S.

[I, Eq. (86)] can be rewritten as

Z I =V n =O, ±, ±2,... (1)n n n

where
• . mm Z me "

' n n

Z = (2)

=-. 'n [2:],
1. (3)

Nn L-tj

_*. [1 "1v= (4)_
-e 4-e

Equation (1) is called the moment equation, Z is called the moment matrix,
n

and V is called the excitation vector. The subroutine ZMAT of Section II

7 -7
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calculates the elements of Z for n Ml, Ml+l, M1+2,...M2 where Ml and

M2 are non-negative integers and M2 > MI. The subroutine ZMAT calls the

function BLOG of Section III. The subroutine PLANE of Section IV calcu-

4-
lates the elements of V for n = Ml, Ml+l, MI+2,...M2. The subroutines

DECOMP and SOLVE of Section V solve (1) for I . The subroutines ZMAT andn

6 PLANE are similar to the subroutines listed on pages 51-55 and 61-62 of [2].

The subprograms BLOG, DECOMP, and SOLVE are exactly the same as in [2].

The main program of Section VI calls the subroutines ZMAT, PLANE,

DECOMP, and SOLVE in order to calculate the surface density of electric cur-

rent and electric charge induced on S by a plane wave that propagates along

the z axis. The z axis is the axis about which the generating curve of S

is rotated. Such a plane wave is called an axially incident plane wave.

For an axially incident plane wave, it suffices to solve (1) only for nl.

Because the subroutines ZMAT and PLANE are designed for n = Ml, Ml+l,

M1+2,...M2, these subroutines are more general than the main program of

Section VI.

In [1, Figs. 1,2, and 31, the new E-field solution for the current

• and charge on a small circular disk is compared with Bouwkamp's power

series solution [3]. In Section VII, Bouwkamp's power series solution for

the surface density of electric current on a conducting circular disk of

unit radius excited by an axially incident plane wave is converted to mksc

units [4, p. 11 for a disk of arbitrary radius a. The electric charge on

the disk is extracted from this electric current. A computer program which

calculates this current and charge is described and listed in Section VII.

In [1, Figs. 4,5, and 6), the new E-field solution for the current

and charge on a small sphere is compared with the Mie series solution

o°.
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(4, Eq. (6-103)], [51 for the surface density of electric current and

electric charge on a conducting sphere excited by a plane wave. A

computer program which calculates the Mie series solution for the cur-

V rent and charge is described and listed in Section VIII.

11. THE SUBROUTINE ZMAT

The subroutine ZMAT calculates the elements of Z of (2).
n

For n = 0, the expansion functions are given by [1, Eqs. (91)-(92)]

and the testing functions are given by Il, Eqs. (93)-(94)] so that

0 0

' em -• .Z
0  =Z 0

(5)
me OtZ 0  =Z 0

ee =tt'
"Z 0

where the elements of the matrices on the right-hand sides of (5) are given d
by [2, Eqs. (9)-(12)]. It is evident from [2, Eqs. (10)-(11)1 that all the

elements of Z and are zero. Therefore, for n = 0, (2) reduces to
0 0

00

Zo = (6)
'. zee :

"0 0.[ ze

For n # 0, the expansion functions are given by [1, Eqs. (100)-(101)]

and the testing functions are given by [i, Eqs. (102)-(103)] so that

mmtt to to t0(zmt) + t ) (Zn) Lj (Z) l (Zt) _ - ni. (Z(n) J (Z nt  J nj (n i n,j+l n ij+l ni n nj'n j
!|t

+ (Z (Z + "t a (Z

"ni%,J+l n 1,1+1 n,i+l n i+l,j n,i+l nj n i+l,j

.; .-. -.-.. . -. .-.. -. - - . .. . . .. -. .- . . . .



4

n, ~ln~~l(Zn )i+1,j+l(7

iZje kp ( (Z t). + a (Zoo) (O8
nZm ij i n ij n ij n,ji- n i -j~

(Z ~ =kp((Z~). -a (Z'~. + a .(Z ). 9
n ~ ~ fl ii fi nl 1J n, i+l ni+,j

Zee) k2pp(' . (10
(Zn )ij k ipj( n )ij (0

where the Z 's on the right-hand sides of (7)-(10) are given by [2,
n

Eqs. (9)-(12)] and a~ is given by [1, Eq. (99)].

jnj

nj nA.

All the subscripts j in (11) coincide with each other, but the j which

multiplies pon the right-hand side of (11) is i/.It is evident from

[2, Eqs. (9)-(12)I that

ztt z oztt Zt
-n -n nn

L-n -n- .n n

Equations (7)-(12) imply that

imm me nu me
Z Z z -Z
-n -n n n

(13)

~em ee em ee

Therefore, it suffices to calculate the elements of Z of (2) only forn

non-negative values of n.
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New matrices {Z n=0, ±1, ±2,... are defined by

[ee

Z0  (14)

mm]

Z , n= ±1, ±2.... (15)

n n .

where
= 1 - (16)

kA (16)

Later, it will become evident that the scale factor S prevents the

magnitudes of the elements of {Z, n = 0,1,2,...} from becoming exces-

sively small as k approaches zero. Knowledge of the elements of

n = 0,1,2,.. . is equivalent to knowledge of the elements of

{Z n = 0, ±1 ±2,...} of (2).

The subroutine ZMAT(MI,M2,NP,NPHI,NT,RR,ZH,X,A,XT,AT,Z) is listed

at the end of this section.. The subroutine ZMAT puts the elements of Z
n

of (14) and (15) in Z((n-Ml)*N*N+I) through Z((n-Ml+l)*N*N) for n = Ml,

Ml+l,Ml+2, ...M2 where Ml and M2 are non-negative integers and M2 > Ml.

Here, N = 2*NP - 3 (17)

Storage of Z is by columns. Z is the only input argument. The rest of
n .

the arguments are input arguments and have the same meanings as in the

subroutine ZMAT listed in [2, pp. 51-55]. NP is the number of data points

on the generating curve of S. RH and ZH contain the coordinates of the

data points in electrical length.

RH(J) = kP(t) , J=1,2,...NP (18)

ZH(J) = kz(t3 ) , J=1,2,...NP "19)

Here, k is the propagation constant, z is the coordinate along :hie axis

o° ~-4

. . . . ."i
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s about which the generating curve of S is rotated, and p is the distance

from this axis. Also, (t) denotes evaluation at the Jth data point.

NPHI is n, in the Gaussian quadrature formulas [2, Eqs. (64)-(66)]. X
(n)

contains the n, abscissas x X of [2, Eq. (70)], and A contains the

(n)

n. weights A2  in [2, Eqs. (64)-.(66)]. NT is n~ in the Gaussian

quadrature formulas [2, Eqs. (62)-(63)]. XT contains the n~ abscissas

(n) (n)

XVtin [2, Eqs. (62)-(63)), and AT contains the n~ weights AV , in

[2, Eqs. (62)-(63)]. The subroutine ZMAT calls the function BLOG which

is listed in the next Section.

Minimum allocations in the subroutine ZMAT are given by

COMPLEX Z(M3*N*N), G4A(M3), G5A(M3), G6A(M3),

G4B(M3), G5BM3), G6B(M3), GA(NPHI), GB(NPHT)

DIMENSION RH(NP), ZH(NP), X(NPHI), A(NPHI),

XT(NT), AT(NT), RS(NP-l), ZS(NP-l), D(NP-l),

DR(NP-l), DZ(NP-l), DM(NP-l), C2(NPHI),

* .C3(NPHI), R2(NT), Z2(NT), C4(M3*NPHI), G5(M3*NPHI),

C6(M3*NPHI), Z7(NT), R7(NT), Z8(NT), R8(NT)

where N is given by (17) and

M3 =M2 MI + 1 (20)

In view of (5), (14) becomes

[zZ (21)

0~ ,z
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In [2, Eqs. (9) and (12)], the region of integration for which

t < t < t
p- p+l

/: \ (22)

tq t' tq+lj

is called A . The ranges of values of the subscripts p and q on A are
pq pq

given by -:

I < p < P-I

(23)

l<q< P- J
where, as in [21, P is the number of data points on the generating curve

tt
of S. From [2, Eq. (48)], the contributions to the elements of Z due to

A are
pq

i*tt) jk2 AA
(Z0 .(Gs sinV sin v +G cos v cosV)+

0 ij 8 5a p q 7a p q

(-i)q-j jk2A A
p q (G5b sin v sin v +G cos v cos v )-8 Sb p q G7b p q

"-)P+q-i-j G (24)
2 7a

where i is either p-i or p and j is either q-1 or q but neither i nor j

can be 0 or P-I. The asterisk on the left-hand side of (24) denotes

*tt tt
that (Z ). is not all of (Z)ij but only the contribution due to A.o ij 01J pq

According to [2, Eq. (51)], the contribution to the elements of aZ due
0

to A is.: Pq

2
Bk A A sin v

= 2j (+ -)(Ga q  G (25)
0pq 4p S)Ca 2p q Sb~

Equation (25) means that A contributes only to q(Z and gives all

of B(Z0)pq ",
0~ pq
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Substitution of (2) into (15) gives

F mm me

In n=1,2,3,... (26)n 7
I em ee
n n

where the ijth elements of Zm m , , m are given by (7), (8),n n n n

(9), and 10, respectively. The contributions to the elements of BZ due
n

to A are
pq

*mm *ta (t tOt0
S(Z= - + (n) -a a (Z4') )

n p-l,q-I n p-l,q-l nq n p-l,q np n p,q-1 np nq n pq

(27)

(Zn) (( -a (Z +a a (Z (28)
n p,q-I n p,q-1 nq n pq np n p,q-i np nq n pq

*mm *tt +*x to+ t dt
8()8 ) +a(Z + a +Z +a at (Z) (29)

n p-l,q ( p-l,q nqn p-lq np n pq npnq n pq

S(Zn)pm  =I8((Z ) +a ~ 5  - Zt -a a z) ) (30)
*mm~f *tt t tdt0
npq n pq + nq n p npnpq np nq( n )pq)

The asterisks above the Z 's in (27)-(30) denote the contributions due ton

A The contributions to the elements of 8Zem due to A are
pq n pq

* em
B(Z ) = kp ((Zp - - a (Z ) ) (31)

n p,q-l p n p,q-l nq n pq

Z )e  = kp((Z + (nq( (32)
n pq p n pq nq n pq

me
The contributions to the elements of BZ due to A are

n pq

*me t*meZ ) 8k0((Ztn)_  + a (Zn )pq) (33)""
W(n )p-l,q qn p-l,q np n pq

*me *to
8(Z ) Okp W(t) -c (Z) ) (34)

pq q n pq np n pq

-.- (Z n-~ - - )pq k .q( - (34) "-
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The asterisks above the Z 's in (31)-(34) denote the contributions duen

.to A As concerns Z ee, A contributes only to the pqth element of
pq n pq

Zee and gives all of this element.
n.,

-zee Bk2ppO )  (35)m . ':8(Z ) = pk (Z (3
pq pq n pq

p .
In (23), the subscripts p and q on A run from I to P-1. However,

pq 4

Si=1,2,...P-2 on the testing function _n of [1, Eq. (102)], and j=1,2,...P-2

m
on the expansion function J3. of [i, Eq. (100)]. Therefore, some of (27)-

(34) must be deleted when p is either 1 or P-1 or when q is either 1 or P-1.

If p=l, then (27),(29), and (33) are to be deleted. If p = P-l, then (28),

(30),and (34) are to be deleted. If q=l, then (27), (28), and (31) are to

be deleted. If q = P-l, then (29), (30), and (32) are to be deleted.

The Z 's on the right-hand sides of (27)-(35) are given by [2, Eqs.

(19)-(22)]. If [2, Eqs. (19)-(22)] are substituted into (27)-(34), then,

thanks to (11) and the formulas

d P~t:!d- d Tp(t) ff  pE__ t- < t < tp+ (36)

dt p Ap -p+l(3)5P (t)

dT (t) =- p t- < t < tpl(37) i:p
d- p-1 A ' p - p+li

the last G term in [2, Eq. (19)] and the G7 terms in 12, Eqs. (20)-(22))

cancel each other. These terms are the electric scalar potential terms.

The remaining terms in [2, Eqs. (19)-(22)J are the magnetic vector potential

terms. Therefore, [2, Eqs. (19)-(22)] reduce (27)-(34) to

a°

B.-

S--- - ....... -. ~ .- - 4 - ...----.-----..-- ~---
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att (t o 0
(n )p-lq-iS(z n p-1,q-1- nq zn )p-l,q +(np( n )p,q-1 anp Otnq(Zn)q

*Matt at , a a~,o
8( )(Z Wz a - (Z ) c (t +cxc (Z )) (39)n p,q-1 n p,q- lnq npq np n p,q-1 np nq n pq

*mm att +ciat o

Wim p..1 + a3 (n~p q n (Zt ~ +ct (Zt +ax Cx (Z )) (40)n p-~q np-l~ nqn p-1,q np n pq np nq n pq

= att -cx -a#c
$( )B(Z )z + a (Zt (X (Z4t ~ (41)

n pq n pq nqn pq npn pq np nq npq

*ema##
UZ n)p~q1 6p pMn )p,q-1- nq(Zn )pq)(2

*em o o
O(Zn ) kp M(~~ + ax (Z(1(43)npq p n pq nq n pq

nm =-~ ak q((Ztn )p-~ + np(Z n)p) (44

*me t a
BZpq Bpq((n )pq np zn )pq)(5

a
where the Z 's are the magnetic vector potential contributions to the Z 's

n n

of [2, Eqs. (19)-(22)]. Equation (35) remains unchanged.

a(Z ee) Sk 2p P (ZO) (46)

As extracted from (2, Eqs. (19)-(22)], the Z n's on the right-hand

sides of (38)-(46) are

t t

(Ztt j. + dt' k T (t)r~t )(G sin v sin v' +G Cos v Cos v)

t t (47)
p q



. Ii".

t- j 
1  t

a~t 1 P~ rpj~~+ 2
(Z, n dt P (t) dt'(k p T.(t') G sin v') (48)

Pt t
p q

t t

at Pl ql2) = F dt d t' P (t')(k P' T.(t) G6sinv) (49)

n~t iq 1 p~l _~ q 'qG5p tq

rr rq+1
(24) = j dt P (t) dt' P (t')(k2p ' G5  (50)npq P p Pqp q 5~p (0

p q

t t(O) j j dt P qt) +1 t'( 2 pp - 2 G(51)
n pq P p j q 5 ~ 7)

p q

* where i is either p-I or p and j is either q-1 or q, but neither i nor j

can be 0 or P-I.

if the approximations that led from 12, Eqs. (19)-(22)] to [2, Eqs.

(48)-(51)] are applied to (47)-(51), then (47)-(50) reduce to the vector

potential terms in [2, Eqs. (48)-(51)] and (51) reduces to [2, Eq. (51)].

Hence,

2,- jk2~A A i:

att jA
(Z ) -- -(G s vsn +G Cosv Cos v)+
n ij 8 a' p q 7a p q

()q-j * 2
-_1 j A A

p q (G sin v sin v + GbCos v cos v) (52)
8 5b p q 7b p q

2k A A sin v ":
(Zt) = - ( Pg 4 ) (G + (- 1 )q-J 0  ) (53)(n )pi 4 6a (-) G6b)

2
k A Asin v A sin v

(Zt) = Pg P) (G + q G6b) (54)
n iq 4 6a 20q

qp.

. . -c
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-' '

2k2A A A sin v
,(Z 2j q) (Gaq G (55)
n pq 4 5a 2pq 5b-

;" nA nA
(Z) = ( Z 2j (q) p) G (56)

n pq n pq 2p 2p 7a
q p

p where i is either p-i or p and j is either q-1 or q, but neither i nor j

can be 0 or P-I.

The developments that have occurred from (21) to (56) are summarized

as follows. It was shown that Z is given by (21) where the contributions
0tt *

to the elements of Z due to A are given by (24) and the elements of $ZOO
0 Pq 

are given by (25). Equation (26) was established for 2 . The contributions

to the matrix elements on the right-hand side of (26) due to A are given
pq

by (38)-(46). The Z 's on the right-hand sides of (38)-(46) are given
n

by (52)-(56).

The subroutine ZMAT is similar to the subroutine described and listed

in [2, pp. 43-55]. Hence, it suffices to point out statements that differ

from those in the subroutine listed in [2, pp. 51-551. In the listing of

ZMAT at the end of this Section, line 53 puts 0 of (16) in RD.

The index JQ of DO loop 15 obtains the subscript q on A of (22).
pq

This q appears on the right-hand sides of (24)-(25), (38)-(46), and (52)-(56).

With reference to (44) and (45), line 59 puts rkp in RQ. The index IP of
q

DO loop 16 obtains the subscript p which appears on the right-hand sides

of (24)-(25), (38)-(46), and (52)-(56). With reference to (42) and (43),
-- 8k2
line 81 puts fkp in RP. Line 260 puts 3k p p of (46) in RPQ. 7

p p q

Inside DO loop 31, the elements of are obtained for
n

n = Ml-1 + M (57)
5("7

• _- , .... .. .- ._-. .. . - - ..- .- - .. _:.." X S .Za. ....- -- L :_-- - - -: - -- - -- -
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where M is the index of DO loop 31. Table I describes the action of

some statements in DO loop 31. The statement whose line number is given

*. in the third column of Table 1 stores the text quantity of the second

column in the variable in ZMAT listed in the first column. Integers

{KM, M=1,2,...8} are defined by lines 272-279. Lines 317-343 set Z(KM)

equal to VM for M=4,6, and 8, and add VM to Z(KM) for M=1,2,3,5, and 7.

The branch statements among lines 317-343 prevent alteration of Z(KM)

at the forbidden values of p and q in [2, Table 2 on p. 50).

.-

-. , . . . . . . . .
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Table 1. Variables in ZMAT versus text quantities

Variable Line
in ZMAT Text Qant ity Number

FM n 262

H5A G a263

H5B Gb 264

H4A G 7 265

H4B G 266
7b

U7 ~ k A (G sin vsin v + G cosv Cos V 2678 pq 5a p q 7ac p q

U8 Ik 2 A (C sin vsin v + G Cosv Cosv) 268
8 p q Sb p q 7b p q

US att26U5(Zniq- of (52) -6

att
U6 (Z n).q of (52) 270

a00q

V9 (Z44 of (55) 271
n pq

U7 -j G 281
2 7a

Vi ( of (24) 282

*tt

V2 (Z0  p~ of (24) 283

(0 p-1

V3 ~(Z 0 )p-q of (24)28

Z Z(K8+MT) 0OO) of (25) 290

H6A Ga 292 7

H6B Gb 293

4 6b

4 L7
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Continuation of Table 1

U7 (Zt of (53) 294n p,q-1

rU8 (P) of (53) 295
n pq

Uc (Ztn) of (54) 296

n iq

nA
2p 297
2p

nA
FMD 2 298 "

q

AP cn 299
np

AQ cn 300
nq p

UD Cnq (Z pq 301

V5 (Zn p'q- - Otnq (an) pq 302

V6 (Pt) + (Z p 303
n pq nq n pq

aot a00 04:~
V7 ax (Z) -cx (I (Z) 304

np (n p,q-1 np nq (n pq

ao a0
V8 t t +(z a x (Z 305np n pq np nq n pq

a 30
UD nq (Z 306

nq n iq

*mm
Vm (Z ) of (38) 307

n p-l,q-i

V2 O(Z ) of (39) 308

*MM
V3 a(Z ) of (40) 309

n p-l,q

V4 n )pq of (41) 310

!"2" . .. 4 8 ) p ..

i- 'b
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Continuation of Table 1

*-em
V5 (e ) of (42) 311

n p,q-1
*em

V6 a3 n ) .e of (43) 312

UD 313 n 33.

V7 ( ) of (44) 314
n p-l,q

*me
V8 B(Zn )pq of (45) 315

Z(K8+MT) (Zee) of (46) 316
Spq

' * .S. -"
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-OOIC LISTING OF THE SUBROUTINE ZMAT
002C TJ"E SUBROUTINE ZMAT CALLS THE FUNCTION SLOG

.~003 SUBROUTINE ZMAT(tdl.M2.NP.NPHI.NT.RH.ZH.X.A.XT.AT.ZI
004 COMPLEX ZC1600) .Ll*u2.U39U4.USU6.U7.U9.UA.UB.G4A( 10).G5A(I0)

005 COMPLEX CMPLXG6A(10).G4ig(101.G5B(I0).G6B(l0).H4A.145AsN6AH48.NSB
006 COMPLEX H68.UC.UD.GA(48),GB(48).AP9AO.Vl9V2,V3,V4,V5.V6.V7.V8,V9
007 DIMENSION RH(43) .ZH(43) .X(48).A(48),XT( I0).AT( 10)oRS( 42).ZS( 42)

00e DIMENSION D(42),OR(42),DZ(42),DM(42).C2(48,*C3(48).R2(I0) .Z2(10)
.009 DIMENSION C41200),CS(200),C6(200).Z7(1O).R7(10).oZS(10).R8(tI
010 CT=2*

0il CP=.1l
*012 DO 10 1=29NP
013 12=1-1
014 RS(12)=o5*(RHqI)+RH(121)

-015 ZS( 12)=.5*(ZH( I ) ZH( 1211
016 DI=*5*(RH(l)-RH( 12))
017 D2=*5*(ZH(!)-ZH(12)1
Ol 01(D 12)=S(RT(Dl*D1*D2*D2)

'019 DR(12)=Dl
020 DZ(12)=02
021 DM(121=0(12)/RS(121
022 10 CONTINUE
023 M3=P~2-Ml+1 0

024 M4=ml-1
025 P 12= 1 *570?96

.026 DC It K=1.NPHI
027 Pi=P1 2* (X(K),1I
028 C2(K)=PH*PH
029 SN=SIN(05*PrI
030 CZ(K)=4**SN*SN
031 A1=P12*A(K)
032 D4=*5*AI*C3(KI

.033 DS=Al*COSCPH)
.034 D6=A *S INIPHJ

035 M5=K
036 DC 29 M=I*M3

'-037 PHM=(M4tM)*PH
-:038 A2=CCS(PHM)
039 C4(005I=D4*A2

-. 040 C5(M5i=D5*A2
041 C6(145)=Db*SIN(PHM)
042 M5=05*NPHIH

-043 29 CONTINUE
044 It CONTINUE
045 NP=NP-1
-046 10T=r'P-I
047 N=MT+r4P

-. 046 N2N=MT*N
.049 N2=N*4

-:050 Ul1(0..e51

*p052 JN--N
053 RID1*()
.054Do 15 JOZIOMP

.056 IFIJOoEO*1) 1(O.1
..057 1F(JO*CQ.MP) 1(0*3

so05 R1-15(Jo)

@60 ZImZS(JG)
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-061 Dirn(lO
*062 D2-DRfJQ1

-~063 03=DZ(JCS
:064 D4D02/Rl

06S D5mOM( JO)
066 SV=02/Dl
067 CV=DS/DI
068 T6=Cr*01

* 069 T62rnT6+O1

070 T62=T62*T62
@71 R6=CP*Rl
072 R62=R6*R6
073 00 12 L=I*NT
074 R2IL)=R1,D2*XT(LO
075 Z2(Li=Z14D3*XT(L)
076 12 CCNTINUE
077 U3in02*Ul
@78 U4-D3*U1
079 DO 16 IP=.#P
@600 R3=ASCIP)
oat RP=A.3*RD
062 Z3-ZSIPI
063 R4=11-R3
064 Z4=Z1-Z3
@65 FMRP4*SV*Z4*cv
066 PHM=ASS(FM)
087 PM=ABSIA4*CV-Z4*SVI
068 DezPH
069 IF(PHM*LE.o1) GO TO 26
090 D6=PHM-DI
091 Db=SQPTCD6*06+PH*PH)
092 26 IF(IP*E~o.I) GC TC 27
093 KP-I
094 IFfT6eGT*06) KP-2
095 IF(P6sGTe06) KPm3

096 GO01O268*
097 27 KP-4
.098 28 GG TO (41942941.42)oKP
099 42 DO 40 L=l9N1
100 07=R2L-R3
10t D8=Z2(LI-Z3

7102 Z7(L)=D7*D7#08*DS
103 RtL)=R3*R21L)

:104 ZS(L)=e25*Z7(L)
105 R8EL)=*25*R7(L)
106 40 CONTINUE
107 Z4=P4*R4+Z4*Z4

108 R4-R3*Rt
109 R5=o5*R3*SV
110 00 33 K=1*NPHI

11 AI=C3IK)
-- 112 RZ4+R4*Al

113 UA-0*

115 IF(IPReLToT62) GO TO 34

>336 DO 35 LzIoNT
117 R=SCRT(Z7(L)+R7(L)*Al)

*119 CS.COS(R)
120 uC=AT (L)/R*CIOPLX (CS9 SN)



121 UA=UA.UC 19
122 US=XT(L*UC*UB
123 35 CCt4TINUE
124 GO0TO36
125 34 00 37 L=1.NT
126 RrSRT(Z8(L)*R8(L)*AI)

* 127 SN=-SIN(R)
128 CS=COS(R)

* 129 UC=AT(L)/R*SN*CMPLX(-SN*CS)
* 130 UA=UA*UC

131 UB-XT(L)*UC*UU

132 37 CONTINUE
133 A2=FM*RS*Al

* 134 D9=RR-A2*A2
* 135 R=AeS(A2)

136 07=R-01

137 De~R*D1
138 D6=SORT(DS*08+D9)

X' 139 R=SCRT(O7*D7*D9)
t: 40 IF(O7oGEw0*) GO TO 38
141 A1=ALCG((DS+D6)*(-07+R)ZD9)/D1
142 GO TO 39
143 38 AI=ALOG((D8*D6)/(074R)O1~
144 39 UA=A1+UA
145 U&=A2*(4*/(D6tR)-Al)4 'D1GU8
146 36 GA(K)=UA
147 GB(KlIUa
148 33 CONTINUE
149 -K10
IS0 DO 45 M=IgM3

*151 H4A=Oo
152 HSA=Oo
153 H6A=Oo
154 M4190 o
155 H58=0o
156 H68=0o
15? DO 46 K=19NPHI
Is8 KI=K1*1

* 159 06=C41Kll
160 D7=CCKll
161 DOinC6(KIJ
162 UAwGA4KP
163 US-GSCK)
164 H4A=06*UA&H4A
165 HSA207*UA4N5A
166 H6A=DS*UA4H6A
167 H40=D6*U8+H48

* 166 M58=07*U8+H58
169 IIOBzOS*U84H68

* 170 46 CONTINUE
171 G4A(MIHM4A
172 G5A(M)NS5A
173 G6AIMING6A
174 6481m1H"48
175 Gose(Ml=NS6

* 176 6(M)=16B
*177 45 CCTINUE

* 178 IF(KPoNE*41 GO TO 4?
* 179 A2=O/(Pg2*RZI
to 06=2o,01
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182 DO 63 K=l.NPHI
183 Al=R4*C2(K)
194 R=R4*C34K)
185 IFCR*LToT62) GO TO 64
186 Din0.
le? DO 65 L-19NT
1ea D7=07+AT(L)/SCRT(Z7(L),Alt
1839 65 CCNTINUE
190 GO0TO66
191 64 A1I=A2/( IX (K) I.
t92 D7D06*ALOG(Al+SQRT(leAl*Albl
193 66 08=08+A(X)*D?

*194 63 CONTINUE
195 Al1.5*A2

196 A2=1*/Al
197 Dg=-P12*DS+2*/Rl*(BLOGIA2)+A2*BLOG(Al))
198 DO067 M=I*M3
199 G5A(M)=08+GAI4)
200 67 CONTINUE

*201 GC TO 47
202 41 DO 25 M=1*93
203 G4A(M)=0.
?04 G5A(M)=Oo

-205 G6A(M)=0.
2e6 G4B(m)=O.
?07 G58(N)=0.

208 G6E(M)0. A
210 0O 13 L=1.NT
p'it AI=R2(L)2
212 R4=A1-R3

-213 Z4=Z2(L)-Z3
*214 Z4=R4*R4GZ4*Z4
215 R4=R3*AI
216 DO 17 K=19NPHI
217 R=SCRT( Z4R4*C3(K))

a1 SN=-SIN(R)
-239 CS=CoS(R3

Pp22 GA(KJ=CMPLX(CS*SNI/R
PP1 17 CONTINUE
222 D6-0e
223 IF(P62aLEoZ4) GO TO 51
224 DO 62 K=1.NPHI
PPS D6=064A(K)/SCRT( Z4+R4*C2(Kl1
216 62 CONTINUE
277 Z4=3. 14159.3/SQRT(Z*/R4J
2ps D6--PI2*D6+ALOG(Z44SORT( 1*Z4*Z4)3/SORT(RS)

229 S1 AlzATCLD
30 A2=XT(L-)*Al

P31 K1-0
232 00 30 MaI*M3

? 34 U6-0.

-* 36 Do 32 K-1.NPNI
237P U-AK
138 KIKI1

*?39 U5SC4(KII*UA+U5
?40 U6=C5(K1)*UA+U6
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241 UI=Cb(K1)*UA+U?
242 32 CONTINUE
243 U6=D6*U6
244 G4A(M)=A1*U5+G4A(MI
245 G5A(M)=AZ*U6,G5A(M)
246 G6A(M)=AI*U7*G6A(M)

2.247 G48(N)=A2*U5+G48(M)
248 G5e9(M.6#A2*U6,G5B(M)
249 G6B(N)=A2*U7+G68(Ml
250 30 CONTINUE
251 13 CONTINUE
252 47 AI=CRIIP)
253 UA=A1*U3
254 UB=DZ(IP)OU4
255 A2=D(IPI
256 D6=-A2*D2
257 07=01*Al
258 D8=oi*A2

* 259 JPMJN
260 RPO=R1*RP

*261 DO 31 M1.*M3
262 FN=M4*M
263 H5A=G5A(NI
264 .is=G58eM)
265 H4A=G4A(M)GH5A
266 H48=G48(MI4H58
267 U7=UA*H5A+UB*H4A
268 U8=UA*H584UB*M48
269 us=ui-us
270 U6=U7+U8

\271 V9=U2*DS*(H5A,04*HSB)
272 Kl=IP*JM
273 K2=Kl*1
274 KJ=K1*N
275 K4=92*N
276 K5=K2*MT

-~277 6K4#MT
276 K7KX3+N2N

.~279 KS8K4*N2N
260 EF(FMoNE*0.) GO TO 14
281 U7=-Ul*H4A
262 vt=U5*U?
283 V2=U5-U7
284 V3=U6-U7
285 V4=U6*U7
286 V50*

O287 V6in00
266 VT=Oo
289 Vamo.
290 Z(K8,#TIRD*V9
291 GC TO43
292 14 M6A.G6A(M)

-293 H6e=GCB(Ml
:294 U7D06*(NGA-H601
295 Ue--D6*(M6AOH681

-296 UC=D7*(H6A+04SH68)
-:297 A1ZFM*Dfd(tP)

296 FMO=FM*D5
299 AP-I./A1*UI
300 AC=u(1.oFMDI*Ui
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UD=AO*Vg
V 5 U7-UO
V6=U84U0
V7=AP*V5
V8-AP*V6
U0 AO *UC
V IRD*( U5-UO+V7)
V2=RD*( U5-UO-V7$
V3=R0*(U64UDGVS)
V4=PD*(U6+UO-VS)
V 5 RP *V 5
V6=RP*V6 S

UO=AP*V9
V7=RC* (UC*UD)
V8ROA* IUC-UD)
Z(K8+MT )=RPO* (Vg-AI *FMD*H4A*U2)
IGc TO (18120019)*Ka

I ZIK6)=V6
IF(KP*EO.1) GO TO 21
Z(K3)=Z(K3) *V3
ZIX7)=Z(K7)GV7
JF(IP*E~oM1P) GO TO 22
Z(K4)=V4
Z(K81=V8
GO TO 22
IZ(K5)=Z(K5)4V5

IF(IP.*EO*1) GO TC 23
ZIK )=Z(KI ).Vi
Z(K7?=ZCK71*V?
EF(IPoEO.NP) GO TO 22

I Z (K 2)=Z(K2) +V2
Z(Ke)=VS
GO TO 22
Z(KS)=Z(KS)+V5
Z (K6)=V6
IF(IP*EO91P GO TC 24
ZIK i)=Z(K 11+VI
Z(K3)=ZtKJ)*V3
Z(K7)=Z(K7) IV7
IF(IP*EQ.MP) GO TO 22
Z(K2)=Z(K2)*V2
Z(94)=V4
Z(K8)=VS
J 1 J?4+ N2
COhbTINUE
CONTINUE
JJNNj4NH
CONTI NUE
RETURN
END
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III. THE FUNCTION BLOC

The function BLOG(x) calculates log(x +'I7~ for x > 0.

The method of calculation is described in [2, p. 561.

001C LISTING OF THE FUNCTION SLOG
002 FUNCTION BLOG(X)

004 X2=X*X

005 BLOG=(( .075*X2-.I666667)*X2+l.)*X
006 RETURN
007 1 BLDG-AL0G(X+SORT(1.+X*X))
008 RETURN
009 ENDO
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IV. THE SUBROUTINE PLANE

The subroutine PLANE calculates the elements of V of (4). Accord-
n

ing to [1, Eqs. (61) and (62)], the ith elements of the column vectors

n

and Ve on the right-hand side of (4) are given by

n n

.M. f U. Ei d (58)
ni 1j -ni-

S

kp.e i e -incJ, W E ds"

incExpressions (58) and (59) are calculated for E equal to the 6-polaried

plane wave electric field E0 given by

e . -jk r
E = k e (60)

and also for E In c equal to the 0-polarized plane wave electric field

E given by

. -jk •r'-

E = t kn e *r (61)

In (60) and (61),

k -k(u sin 0 + u cos6 ) (62)L-t -C t -z t

t -)= u Cos 0~ - u sin Gt  (63) .i

U (64)
-Y

where 0 is the angle of incidence and where u , u and u are unit vectorst -x -y -Z

in the x,y, and z directions, respectively. Also, r is the radius vector

from the origin. The origin must lie on the axis about which the generating

S
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curve of S is rotated because this axis is the z axis. The electric fields

(60) and (61) are the same as [2, Eqs. (108) and (109)].

If V due to E is called m' and if le due to E is called
n n n -- t"

V , then, according to (58) and (59), the ith elements of re and V are
n n n

given by

V 14P.~* E ds (65)
ni = -i --

S

e e
V -i if W. ni Eds (66)

S

If due to E0 is called m and if Ve due to E0 is called e, then
n n n n

the ith elements of m$ and Ve$ are given byn n

Vi kJ W e E ds (67)

= iJ --ni --, d (8S

ankk p

For n=O, the testing functions _Oiadkiiare given by :
• - ,e

[1, Eqs. (93) and (94)1. Hence, ?

-- E (69)
ii iFor~ n= (70)tigfntin ndk r gvnb

-Oii

where and are defined by t2, Eqs. (4) and (5)1. Thanks to (69)
-Oi -Oi:D

and (70), each V defined by (65)-(68) is equal to one of the V0i's de-

fined by [2, Eqs. (113), (114), (116), and (117)]. More precisely,

° ..
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mO o
VOi f Oi

ee to
V =V
01 01 (1(71)

01 01

oi 01

where the V's on the right-hand side of (71) are given by [2, Eqs. (113),

(114), (116), and (117)1. It is evident from [2, Eqs. (114) and (116)]

that

v0 07
(72)

V 0
01

As a result of (71) and (72),

V 0r0-" (73)

For n # 0, WU. and kp We are given by [i, Eqs, (102) and (103)].
-ni i--ni

Thanks to [I, Eq. (103)], (66) and (68) become

Ve  kp V (74)
ni - ni(7

V kp VO 1 (75)
ni i n"

where V 0 and VfO are given by [2, Eqs. (114) and (117)]. Instead of

me(65) and (67), [1, Eq. (68)] is used to obtain V1 and Vm -  The inci-

dent magnetic field Hinc appears in [1, Eq. (68)]. The incident mag-

netic field associated with the @-polarized electric field E6 of (60)

is called H0 and is given by

----------------------------------------
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-jk r

H0 = k e (76)

The incident magnetic field associated with the (f-polarized electric

field E4 of (61) is called H and is given by

-jkt •r
H= u k e (77)

-°-e

a inc
Substitution of [1, Eq. (105)] for u. and H for H in [1, Eq. (68)]

gives

v k J T (t) eJn (H* n)ds (78)nii n -f -
S

Substitution of [I, Eq. (105)] for u. and HO for Hinc in [1, Eq. (68)]

gives

'vm._ JJ Ti(t) e-Jn( * n)ds (79):-'" ni n
S F

If ds is replaced by pd4 dt, (78) and (79) become

t Tr

Vi k 2 dt p Ti(t) d4(H e n)e- j no (80)ni _ - -

t- -TT

k, ."t T.

V - n dt pTi(t) d(H n)e- n (81) r

t_ -T"

The radius vector r that appears in expressions (76) and (77) for

H 6 and HO is given by

r=u p cos + u Psinp +uz z (82)

From (62) and (82), we obtain

. kjk(p sin cos + z cos Ot) (83).- J_ r=kosn t "t
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The unit normal vector n that appears in (80) and (81) is given by

n = u cos v cos 4 + u cos v sin4) - usin v (84)
S- -y

Equations (76), (64), (84), and (83) lead to

. jk(p sin 0tcos + z cos t)
H n =-k cos v sin e (85)

Similarly, (77), (63), (84), and (83) lead to

jk(p sin e cos 4 + z cos )
H n k(cos 0 cos v cos , + sin 0 tsin v)e t (86).n o (85) is od(n86o)ht m

" Now, H0  n of (85) is odd in 4)s0 that V 1 of (80) is even in n. Moreover,- ... . ni'

HO n of (86) is even in 0 so that Vm . of (81) is odd in n. Because Vo0
nli ni

of [2, Eq. (114)] is odd in n, e of (74) is odd in n. Because VOO of [2,
ni ni

Eq. (117)] is even in n, Ve  of (75) is even in n. Hence,

-n -n n n

I=] , n1,2,.. (87)

-eO +e4) -eO e4.
VV-V V-n -n n n

Therefore, it suffices to calculate the elements of the V's in (87) only

for positive values of n.

Matrices V are defined by
n

eO 0:
V 0  0

vo  (88)
0 a4)

!~ n n 1
V I , n -±1, ±2,... (89)

n
n n"
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where $is given by (16). In view of (6) and (73), the matrices Z ofn

(14)-(15) and V of (88)-(89) allow (1) to be rewritten asn

Z nI n V , n =0, ±1, ±2,... (90)

where

00
1= (91)
0

LG 0

nn n

n nn

of (88) and (92), in is( due3*to (nM)2Nl thog )(Kl*M** I

irdut(, ,and I 3 I du2 to Ml E (95

n n-n

columens. Roi thietnly oTht arunt.Te rLAEts the arguments are -
of (8) nd 89) n R(K-)*M*2*N+ (-MA.)*2N~l thoug R((-I)M3**N
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input arguments and have the same meanings as in the subroutine PLANE

listed in [2, pp. 61-621. NP is the number of data points on the gener-

ating curve of S. RH and ZH are defined by (18) and (19). NT is nT in

the Gaussian quadrature formulas [2, Eqs. (132) and (133)]. XT contains the

nT abscissas x in [2, Eqs. (132)-(135)], and AT contains the nT weights
~(nT

A in [2, Eqs. (132) and (133)]. THR is in radians.

Minimum allocations in the subroutine PLANE are given by r

COMPLEX R(NF*M3*2*N), FA(M2+3), FB(M2+3), FC(M2+3)

DIMENSION RH(NP), ZH(NP), XT(NT), AT(NT), THR(NF),

CS(NF), SN(NF), R2(NT), Z2(NT)

where N and M3 are given by (94) and (95), respectively.

Thanks to (71), the ith elements of the columnvectors V . and avooindSv0 o
in (88) are given by

:eO te (96)
" (96)Oi Oi

Poi - V 0 (97) "

to
where V and V are given by [2, Eqs. (113) and (117)1. If the con-oi Oi

tribution to of (96) due to the integration from t to t is calledtrbutin toVoip p+l

*ee
V e then, from [2, Eq. (124)],

"ee kA sin v cos t  nkA cos v sin e?*e6 p k p P p p t +
V 0 1  4 (Fla F-la) 2 F Oa +

p-i jrkA sin v cos 0  (kA cos v sin '-. , _l~-i ( p p t (Fbp p t",
-)p4 lb Fib 2 Ob

(98)

where i is either p-l or p, but i is neither 0 nor P-I. Here, P is the

number of data points on the generating curve of S. The integration from



31

tto tp contributes to BV of (97) only for i =p and gives all of
p p4 1  i

B7rn. From [2, Eq. (127)], we obtain

j rkA A sin v

Op 2 la -la 2p lb -F.lb)

p

Consider the elements of ~V and 6 V on the right-hand side of

(89). In view of the integral formula

J (k psin 0) e + do ~ (100)

for the Bessel function J ndeduced from 116, Eq. (9.1.21)], substitution

of (85) into (80) gives

.n( i+ 2  jkz cos 0
-t p drT(t Cos v (J + 3 )e t (101)

n xn4-1 n-i
t.

where

J n J3 (kp sine) (102)

Similarly, substitution of (86) into (81) gives

-Vm nj 7 dt pT (t) (Cos v Cos 0(

ti

jkzcos 0
-2 j sin v sin 03) e t(103)

t n

me
The contribution to V~ due to the integration from t pto t P17

*m0i
is called Vn* The contribution to Vodue to the integration from

tto t iscale V .. Now,
p p+-1 i
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r'.

v v (104a)

p = p + (t-tp) sin v (104b)

t < t <+t

z = z + (t-tp) Cos Vp (104c)
p p

Ti(t) = [I + (-i)p - i A(ttl (104d)

where v, p, z, and t are, respectively, the values of v, p, z, and t
p pp p

midway between t and t Substitution of (104) into (101) and (103)miday etwen p tp+I

gives

n 2
"j "rk2Apcosv A sin v

.. ++ P(Fn+ F + FnP-)) - -'.
ni 4n n+l,a n-l,a 2p n+lb n-b

(-l)P-ijn Tk
2AppCos v A sin v

p P F + + p P ( +F(105)
4n n+l,b n-l,b 2 p n+l,c n-l,c

n+1 2
J k Apcos cos t Asiv

"i p (F -F + P (F b) +=n 4n (n+l,c.-Fn-l,a + 2p nl,b-Fn-I i b

a.n k 2Ap sin v sin e A sin v
pp p t(Fn +- p- p Fnb- .)+ .

2n na 2p nb

aj 7k2An cos v cos e Asin v
,-(l) - p p p t=4n (F n+l,b-F n-l,b + 2 (F +) +n-1(..1P 4 +1b -1b 20 (Fn~l ))F-l +

P

n 2
$j rkA 0 sin v sin0 A sin v

p p p t(F + F ) (106)
2n nb 2P nc

pP ll

- • :.,
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where

t +1 jkz cos 0

,F ma = p Jm(kPsin 0) e dt (107a)

a. p

t jkz cos 0

Fmb= (T 2  (t-tp Jm(k Psin 0te dt (107b)
mb.f p -

p

t

F"2 3 2Ijkz cos 0
F (t-t) J (k sin ) e dt (107c)p m t

tp

In (107), m = n-l,n,n+l. Also, P and z are given by (104b) and (104c).

Thanks to (87), expressions (105) and (106) can be viewed as 3V m and' -ni

*M4,
$-ni respectively.

Evaluation of (107) by means of an nT point Gaussian quadrature

formula yields

.nT (n) jk Cos e
T etZ O

F = A, Jm(k pQsin t) e (108a)ma 2.=i

nT (n) (n) jki cos 6

F AT T siteF mb = 1 P, x Jm(k P9sin 0t) e (108b)

nT (nT) (n 2 jki cos .

F = A, (x. ) Jm(k Osin 6 e (108c)

where, as in [2, Eqs. (134) and (135)],

(nT)

OP = z + sin v (109)
p 2 p

S(n) + (110)

The abscissas x T and weights A T in (108)-(110) are the same as in

(2, Eqs. (132)-(135)1.

i~
o

.4
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Thanks to (74) and (75), the elements of the column vectors 3Ven

and _e' on the right-hand side of (89) are given byn

ve = kpi V n l  (111)

6 kP V  (112)
ni i ni

where V and V are given by [2, Eqs. (114) and (117)]. The integration
ni ni

from t to t contributes to V only for i=p and gives all of V p. Uponfotp tp+l ni np".

replacement of i by p in (111) and substitution of [2, Eq. (125)] for V,

" the negative of (111) becomes

n 2
-ve@  j TkA Cos 0F A sinv ..

np 2 n+l,a n-l,a 2p n+b n-lb
p

where F and F are given by (108a) and (108b). Similarly, substitution
ma mb

of 12, Eq. (127)] into (112) yields

n+1 2Asn'n lTk2A P sin v.-.
3Ve pPp_ F + p p (F..,14

rVk= r (Fn+l,a-Fn-l,a 2pp (Fn+l,b-Fn-l,b)) (114)

eO
Thanks to (87), expressions (113) and (114) can be viewed as 8V and

-np

V ve n respectively.

In the subroutine PLANE, the elements of V 0 of (88) are calculated

" by means of (98) and (99), and the elements of V of (89) are calculated for
n

* negative values of n by means of (105), (106), (113), and (114). The index

a] IP of DO loop 12 obtains p in (98), (99), (105), (106), (113), and (114).

k
DO loop 13 puts , of (109) and kz9 of (110) in R2(L) and Z2(L), respec-

tively, for 9 = L. The index K of DO loop 14 obtains the Kth angle of

incidence 0t of (93).

J, .

V" I"p
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The index L of DO loop 15 obtains 9. in (108). Lines 57-82 calcu- 4
late S and BJ(m+2) so that

BJ(m+2) = S*Jm (kO sin 0), m = MI-I,Ml, ... M2+1 (115)
m # -I

The calculation of BJ(m+2) and S is described in [2, p. 591. As the in-

dex L of DO loop 15 changes, line 88 accumulates F of (108a) in FA(m+2),

line 89 accumulates Fmb of (108b) in FB(m+2), and line 90 accumulates F10ne8c)i a ccumate IfF F an mc

of (i08c) in FC(m+2). If F 1 , Fib, and FIc are needed, lines 94-96 use

the formulas

F =F
-la la

F_ F (116)
-lb lb

F =-
Fc Flc

to store FIa, F~ib, and FIc in FA(l), FB(l), and FC(l) respectively.

In DO loop 27, (98) and (99) are obtained if M is 2. If M is greater

than 2, then (105), (106), (113), and (114) are obtained for n=M-2. If M is

2, then R(Kl), R(K2), R(K2+MT), R(K4), R(K5), and R(K5+MT) are reserved for

*eO *eO 0m
Vop, o, 0, 0, anud ,V respectively. If M is greater than 2, then

*me
R(K1), R(K2), R(K2+MT), R(K4), R(K5), and R(K5+MT) are reserved for 5V
* me,_ -e- - n and respectively. Table 2 describes the

np' np' n,p-l' ' '

action of some statements in DO loop 27. The statement whose line number is

given in the third column of Table 2 stores tne text quantity of the second

column in the variable in PLANE listed in the first column.
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rable 2. Variables in PLANE versus text quantities.

Variab.le Text Quantity Line
in PLANE Number

FlA IFn+i,a -F n-,a 1101
FiB IFn+1~b -F n-1,b I102
UB . n+1 1031

jxkA sin v cos 6
Ucp p t108 I

4

rkA cos v sin 0
U5 - 2  p t109

jrrkA sin v Cos 0 TrkA cos v sin 0
p p t - p p F 1

U2 4(F la-Fla - 2 FOa10

JrrkA sin v cos 0 t kA cos v sine6
( Flb-F -) p p tF 1

U3 p tF O

Z(K5+MT) V M 115Op
F2A F nla+ F nla117

F2B IF + F 118
n+l,b n-1,b

F2C Fn~~ + F. 119

FIC F - F 120
n+1,c n-1,c

UC I 121
n

n 2
aj Trk A p Cos

U5 p p p 122
4n

n 2

U2 - r A pCs (F +F +APsnvPF + 2
4n n+1,a n-1,a 2p p n+l,b n-1,b 12

U3 -i Tr o (F +F +)) i vPF + 124
4n n+l,b n-1,b 2o n+l,c n-ILc

p
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aj1Ik
2A psin v sin 0

U52 p t 125

n+l 2raj Trk A p p )Cos v pCos 0
TiC p 126

4n

r j nl Tk A 0Cosv Cos a A sin v

U44n (Fn+1,aF n-l,a 2 ( n+l,b -Fn-l,b)+
p

faj Trk A p sin v sin e8 A sin v
p p p t(F -I--2 ----- F )127

2n na 2P nb
p

n+1 2
j Trk A p Cos v Cos etF~~bF~~ A -Fn

4n ~ l~ n-~b 2p p n+1,c n-1,c

j 7Tk A psin vsin 0 A sin v
pp p t (F +- ---- P--F )128
2n nb 2p n

p

R(K2+MT) v'129

R(K5+MT) p130

np:i
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001c LISTING OF THE SUBROUTINE PLANE
S002 SUBROUTINE PLANE(Mi.M2.NFqNPaTRHZHXT.AT.T4R.P1
003 COMPLEX R(24C)eU.UI.UA.UB.UC.FA(1O).FB(10).FC(1O1.F2AeF2B.F2C.FIA
004 CONFLEX FIS.FlCU2*U3oU49U59CMPLX

005 DIMENSION PH(43) .ZH(43).XT(IO).AT(I0).THR(3)gCS(31.SNI3I.R2(10P
006 MPNSIN-109J(0

DMNSINZ21).a(0
008 M1 NP-i

~009 NzMT+MP

0: 10 N2=-2*N w
Oi 00 D 11 K1.*NF
012 X=THR(KI
013 CS(K)=C05(Xl

G1s It CONTINUE
*016 U-(OeoIob
01? U1=3o141593*U**Ml
0l6 M3=Ml*1
1019 M4=M2#3
020 IF(M1.oEO901 M32

*021 MS-MI+2
022 N6NM2+2
023 DO 12 IP=1.NP

.024 K21P
025 [=1P~i
:026 DR=.o5*(RH(U)-RH(IP)i
-027 DZ.5S*(ZH( I -ZH(I[P))
028 01=SORT(DP*OR*DZ*DZ)
029 IF(IP*E~o.) RD~io/(OI*Dl)
030 R3=95*(RH(I J*RH( IP))
031 DR3=DR*R3*RO
.032 Rl1.5*R3

..033 08--DZ*RI*RD
034 D1R=01*RO
035 D6=R3*DIR
036 Zl=o5*(ZHI1)*ZH(IP))

.037 DR.-5*DR
038 02=0R/RI

... 039 DC 13 L=19NT

040 R2(L)=R1,DR*XT(L)
041 Z2CL)=ZI+OZ*XT(L)
042 13 CONTINUE

.043 DO 14 K=1.NF
044 CC=CS(K)
.045 SS=SN(K)

046 D30-R*CC
1047 040-Z*SS
046 07 -D6*CC

-.049 og=-oe*cc
050Os D50DR3*SS
051 DO 23 M=M3*M4

-jj052 FA(M)0.o
05S3 FB(I5Oa

* 054 FC(M)0.o

-. 055 23 CONTINUE
056 DO 15 L-19NT
..057 X=SS*R2(Lb

:6058 IF(X*GTea5E-7) GO TO t9

-059 D0 20 NwM39M4
060 BJ(M)=O*
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061 20 CCNTINUE
062 BJ( 2)=l.
063 =
064 GO TO 18a

*065 19 M=2.8*X*14.-2*/X
066 IF(3i.LT**5) M11l.84ALOG10(X3

C067 IF(*%LToM4) MZM4
068 8JIN)=O.
069 J=-
070 BJ(JM)=1.
071 DO. 16 J=4oMP072 J2= JM
073 PJt

:~074 IJ-
075 BJIJMJJ/X*8j(j2)-BJ(JMt2)
076 16 CONTINUE
077 S=o0
07a IF(P.LEe4) GO TO 24
079 DC 17 J=49N.2

2080 S=S+BJ(iJ
oat06 17 CONTINUE
082 24 S=BJ(2)**S

-083 18 ARG=22(L)*CC
084 UA=AT(L)/S*CMPLX(COS(ARG).STN(ARGII
085 UE=XTIL)*UA

K086 UC=XT(L)*UB
087 00 25 t=M3oM4
088 FA(N)=BJ(M)*UA+FA(M) 121 UC=(l*/(M-2))*UA
089 FB(M)=BJ(M)*U+F3CM) 122 U5C8a*uc
090 FC(M).=BJ(M3*UC*FC(M) 123 U2=L5*(F2AtD2*F2eI
091 25 CCNT1NUE 124 U3=US*IF280D2*F2C)
092 is CONTINUE 125 U5=05*UC

-093 IF(Ml*NE*O! GO TC 26 126 UC=09*UC*U
-094 FA(11=-FA(3) 127 U4=UC*(FIA,02*F18)4US*(FA(MIt02*FS(MI
095 FB(li=-Fe(3) 128 U5U*FB0*I)U*F()0*C11
096 FC ( I)-FC 431 129 R(K2+MT)07*UA*(F2A+02*F281
097 26 UA=UI 170 R(K5T)Df*B*(FIA*D2*FlBl

-2 98 00 27 M=M5*M6 13! 29 IF(IP.EOel) GO TC 21
099 M7=P-t 132 R(K1)=RIKI)+U2-U3
100 me2m,1 1-33 R(K4)=R(94)+U4-U5
lot FIA=FA( M8I-FA( M7) 134 IF(1P*EO*MP) GO TO 2Z
102 F18=Fe(t8)-Fe(47) 135 2t R(K2)=U2*U3
103 UB=U*UA 136 R(K5)=U4,U5
104 K1=K2-1 137 22 K2=K2+N2
105 K4KI*+N 138 UA=UB
106 K5=K2+N 139 27 CONTINUE
107 IF(M*NE*2) GO If) 28 140 14 CONTINUE
108 UC=03*UB 14 12 CONTINUE
109 U5.=04*UA 142 REYLRN
It0 U2=UC*FIAU5*FA(M) 143 ENO
III11 U3=UC*F1A+U*FMiCA'
112 U4=00
1 13 U5-O.
t 14 R(g(2+NsT)Oo
115 it(RKSMT)=OIR*U6*(F1A+DZ*FtB)
116 GO TO 29
11? 28 F2A=FA( MS)+F A (M7)
118 F20=F5(N'8I*F8(M7)

.119 F2C=FC(MS1+FC(M7)
120 FIC=FC(d8)-FC1M7)
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V. THE SUBROUTINES DECOMP AND SOLVEI
The subroutines DECOMP(N, IPS, UL) and SOLVE(N, IPS, UL, B, X) solve

a system of N linear equations in N unknowns. The input to DECOMP consists

p of N and the N by N matrix of coefficients on the left-hand side of the

matrix equation stored by columns in UL. The output from DECOMP is IPS

and UL. This output is fed into SOLVE. The rest of the input to SOLVE

consists of N and the column of coefficients on the right-hand side of the

"* matrix equation stored in B. SOLVE puts the solution to the matrix equa-

tion in X.

Minimum allocations are given by

COMPLEX U, (N*N)

DIMENSION SCL(N), IPS(N)

in DECOMP and by

COMPLEX UL(N*N), B(N), X(N)

DIMENSION IPS(N)

in SOLVE.

More detail concerning DECOMP and SOLVE is on pages 46-49 of [7].

9.
3

N L"
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00OIC LISTING OF THE SUBROUTINES DEC0~4P AND SOLvE
002 SLOROLTINE DECOMP(NIPS*UL)
003 COMPLEX uL(leOO).PIVOToEM
004 DIMENSION SCL(40),IPS(401
005 DO 5 11.*N
006 1PS(IJ-I
007 RNO.9
0018 JIMI
009 0O 2 J=1*N
010 ULM=ABS(REAL(UL(JI)R),ABS(AINAG(UL(JI)))
Oil JI=Jl*N

012 IFIRN-ULMI 1.2,2
013 1 RN-ULM
014 2 CONTINUE
cis SCL(I)=1./RN
016 5 CONTINUE

S017 NMI=N-1
Ole K2=0

*019 DO 1? KzlNMI
-020 81 G0.
021 DO 11 I=IC.N
022 IP=IPS(1)
023 IPK=TP+K2

K024 SIZEz,(ABS(REAL(UL(IPK3))),ABS(A1MAG(UL(IPK)3)))*SCL(EPI
02S IF(SIZE-8IG) 11,11.10
026 13 BIG=SIZE
027 IPV=1
028 11 CONTINUE
029 IF(IPV-K) 149IS914
030 14 J=IPS(K)
031 IPS(K)=IPS(IPV)
032 tPS(IPV)=j
033 15 XPP=IPS(K)#K2

*034 PIV0T=UL(KPP)
035 KP1=K*1

036 D0 16 I=KP1.N -

037 KP=KPP
038 IP=IPS(I)4K2
039 EM=-UL( EP)/PIVOT
040 IS UL([P3=-EM
041 DO 16 J=KPI9N 061 00 1 J= 19 1M

042 IP-IP#N 062 SUM=SUM*UL(IP)*X(Jb

043 IPP*N 063 1 IP=IP+N

044 UL([P)=ULIIP)4EMOUL(KP) 064 2 X([)=B(IPBI-SUM4

045 16 CONTINUE 065 K2=N*(N-1)

06K2=K2*N 066 IP=IPS( N)+K2

047:: 17 CONTINUE 067 X(N)=X(N)/UsAIP)
048 RETURN 068 0O 4 [BACK-29N

049 END 069 I=KP1-tBACK

050:Os SUBROUTINE SOLVE(K*IPS9UL.FJX) 070 K2=K2-N

051 COMPLEX UL(1600)*8(40)#X(40)*SUM 071 IPI=IPS(I)1C2

052 DIMENSION IPS(40) 072 I111

053 NPI=N*1 073 SUMO.0

054 IP--IpS(11 074 IPI[PI

.. Oss Xd13=B(IP) 07S DC :! J-IPI9N

056 DO 2 1-a29N 076 IP=[P+N

057 IPCIPSCII 077 3 SUN=SUM*ULCIPI*X(Jl

058e fPsIP 078 4 X(I)=(X(I)-SUM)/LLIIPI)

059 IMIZ*11 07q RETURN

-00SUMmOm 
080 END
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VI. THE MAIN PROGRAM FOR THE NEW E-FIELD SOLUTION

The main program for the new E-field solution uses the subroutines

ZMAT, PLANE, DECOMP, and SOLVE to calculate the surface density of' electric

current J and electric charge qe induced on S by an axially incident plane

wave. For the surface S of revolution illuminated by the 0-polarized plane

wave (60), [i, Eq. (46)] specializes to

N N00 m e e
j me em I jp. + j .) (117)
=-0 j=l nJ -- j n j j

where the expansion functions J n and kP. e . are given by [1, Eqs. (91), (92),
-nJ J-nJ -- e6

(100), and (101)]. According to (90), the coefficients Im . and Ie . in (117)
nj nj

are the elements of the column vector I@ that satisfies -
n

Z.Io V , n= 0, ±1, ±2,... (118)
n n n

where

-*-eeTo (119)

0

En
n0= 1 , n ±1, ±2,... (120)
n I

• L n J

-. and [\eD]

- (121)

n

nn ±1, ±2,... (122)
.n

:-.' euI
"., n
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It is evident from (15), (2), and (13) that

[zmm me1
* -Z

vn n .

Z = j Z n f 1,2,... (123), -n"-

[Zem ee-Z n
nr n

Equations (87) and (122) imply that

-= , n = 1,2,... (124) I-

in view of (123) and (124), comparison of (118) with (118) with n replaced

~~by -n reveals that ..

= n = 1,2,... (125)

It is assumed that the angle 0 of incidence of the plane wave is either
t

zero or Tr radians. Consequently, (98), (105), and (113) predict that

0
V' =0 n #±1 (126) .
n

Substitution of (126) into (118) gives

-)-0
T =0, n #±1 (127)
n

Equations (125) and (127) reduce (117) to

N N p
Tm + I. kp e J7 e Je (128)

j=1 1 1 k

where Il0 is the jth element of T and Il0 is the jth element of Ie
lj Ij 1.

-*e -*eO
According to (120), the combination of 1 and I1 is the solution

of (118) for n 1.

!!p

t , - . _ ..-. . . .. . . . . .. . . . -. . . .. . . ._ • _ . _ _. _ . -
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The expansion functions in (128) are given by [1, Eqs. (100) and
•I

(101)] where Jt. and J . are given by [1, Eqs. (82) and (83)]. As a
-nj -n

result, (128) reduces to

JtJtk cos d + 4(J, + J) k sin 4 (129)

where
P-2 T.(t)

:J =2 1 ( k- l (130)
"ij=1l l

P-2 P. (t) P.(t)

=2 Y (k kA. )lj (131)

j=1 j+1

P-1
e =2j Y' p eO (132)

In (129), Jm is due to the magnetostatic expansion functions and J
-ii -i-j

e e
in (128), and J is due to the electrostatic expansion functions Jlj and
e i7

J in (128). Expression (131) can be rewritten as .lj

P-1 P.(t) O -m(13

S=2 A. ( 1 i lj)(133
j=l j -

where

MO
' ( .=0

2 (134)
1 =0[l1,P-i :

The electric charge q is given by [1, Eq. (1)] where V • and J

are given by [1, Eq. (B-3)] and (129), respectively. Thus,

qe - ( (p tk Cos + ((,I + ) k sin q)) (135)
+ k,

m en
Thanks to expressions (130)-(132) for t, -J and J, (135) becomes

° -
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q q () cos ¢ (136)

where':': ~~P-1 P t O'

q =-2 * (k -) e1 (137)
kp lj

In (136), c is the speed of light.

As a result of the development (117)-(137), J is given by (129)

and e
where Jt' J n J, are given by (130), (133), and (132), respectively.

is given by (136) where q is given by (137). The coefficients Il and

eO -*Me -"ee
-ij in (130), (133), (132), and (137) are the jth elements of I and I1-

respectively. Equation (120) gives

:io

1 =(138)

According to (118), satisfies

' 1  (139)

As given by (129), J is the electric current induced on S by the 0-polarized

plane wave electric field Eo of (60) with t = 0 or Ot = Tr radians. If St is

zero, (60) reduces to

E = Ukje jkz (140)

If is T radians, (60) reduces to
It

E. - u kne- kz (141)
--x

Hence, J of (129) is the electric current induced on S by the incident

electric field given by either (1.40) or (141).

g F
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The main program for the new E-field solution is listed at the end

of this section. In this main program, input data are read from punched

cards according to

READ(1,15) NT, NPHI

15 FORMAT(21)

READ(l,10)(XT(K), K=1, NT)

READ(l,10) (Al (K), K=l, NT)

10 FORMAT(5E14.7)

READ(l,l-0)(X(K), K=l, NPHI)

READ(l,l0)(A(K), K=l, NPHI)

READ(1, 16) NP, BK, THR(I)

16 FORMAT(13, 2E14.7)

READ(1,18)(RH(I), I=1, NP)

READ(1, 18)(ZH(I), 1=1, NP)

18 FORMAT(10F8.4)

NT, NPIII, XT, AT, X, and A are Gaussian quadrature data that are fed into

the subroutine ZMAT. NT is n~ in [2, Eqs. (62)-(63)]. The variable nT

that appears in f2, Eqs. (132)-(1.33)] was chosen to be equal to n. Hence,
t .

NT can also be viewed as nT XT contains the n~ abscissas x1tin

(n
[2, Eqs. (62)-(63)], and AT contains the n~ weights A., in [2, Eqs.

(62)-(63)]. NI'HT is n in [2, Eqs. (64)-(66)]. X contains the n4 abscissas

1(n) (n4'
x of [2, Eq. (70)1, and A contains the n4 weights A~ in [2, Eqs.

*(64)-(66)1. NP is the number P of data points on the generating curve of S.

*P appears in [1, Eqs. (100) and (101)]. BK is the propagation constant k

1 in 1/meters. k appears in (140) and (141). THR(1) is the angle of inci- -

dence 0 of (62)-(63) that is fed into the subroutine PLANE. THR(l) is in
t



. 47

radians. THR(l) should be either zero or ni. if THR(l) is zero, the

incident electric field is given by (140). If THR(l) is 71, the incident

* electric field is given by (141). RH and ZH contain the coordinates

of the data points on the generating curve of S.

RH(J) = (t 1 ), J = 1,2,.. .NP (142)

ZH(J) = z(t) , = 1,2,...NP (143)

Here, z is the coordinate along the axis about which the generating curve

of S is rotated, and (1 is the distance from this axis. Also, (t) denotes

evaluation at the Jth data point. Tn (142)-(143), P(t) and z(t) are in

meters. The main program for the new E-field solution uses the subprograms

ZMAT, BLOG, PLANE, DECOMP, and SOLVE of Sections II, III, IV, and V.

Minimum allocations in this main program are given by

COMPLEX Z(N*N), R(2*N), B(N), C(N), CE(NP-I),

CQ(NP-I)

DIMENSION RH(NP), ZH(NP), X(NPHI), A(NPHI),

XT(NT), AT(NT), IPS(N)

where

N = 2*NP-3 (144) _

With regard to (129) and (136), the main program prints J under the
t

heading "T COMPONENT OF ELECTRIC CURRENT," .1 + Oe under the heading "PHI

* COMPONENT OF ELECTRIC CURRENT," JTm under the heading "MAGNETOSTATIC PART OF

JP,, je under the heading "ELECTROSTATIC PART OF JP," and q under the head-

,* ing "ELECTRIC CHARGE." A real part, an imaginary part, and a magnitude

are printed on each line. The jth line of printed output for J is the j
t

"" value of Jtat the peak of T. (t). This peak occurs atq
J

*
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t = t j+ (145)

The jth line of printed output for each of Jm + Je, Jm, e and q

is the value at the center of the domain of P (t). This center occurs

at

t (t + t (146)
2 j j+l

The sample input and output data are for the conducting circular

disk of radius 0.002 wavelengths illuminated by the incident electric

field (140). The disk is placed in the xy plane and is centered at the

origin. The factor k in (129) and (136) compensates for the factor k in

(140) so that i m + e and q coincide with the variables it J, and F

q used in [1, Eqs. (108) and (109)]. The printed output for IJt is
t

plotted by means of the interior x's in [1, Fig. 1. The printed output

for Ji J$ is plotted with the x's in [1, Fig. 2]. The printed output

for jq is plotted with the x's in [1, Fig. 3].

DO loop 28 multiplies RH(J) and ZH(J) by the propagation con-

* stant k. With regard to (139), line 41 puts Z in Z. Line 44 prints

out the first column of ZI . Line 46 puts V of (122) in R(l) through

S." R(N) where N is given by (144). Line 46 also puts the column vectors *.

-I and -l of (89) in R(N+l) through R(2*N), but these column vectors

are not use in the main program. DO loop 22 and line 52 take advantage

of (124) to store V0 in B(l) through B(N). V1 is needed because it
11 0

a appears in (139). Lines 55 and 56 put the solutinn T1 of (139) in C(l)

through C(N).

DO loop 24 prints out Jt of (130). Inside DO loop 27, line

85 puts Je of (132) in CE(J), line 86 puts q of (137) in CQ(J), and
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line 90 prints out J + ie and J of (133). As intermediate steps,
m

line 79 puts 2 /(kAj) in C4, lines 80-83 put J of (133) in Cl, and

m eline 87 puts J + J in C3. Inside DO loop 32, line 103 prints out

J of (132) and q of (137).

!I

°I

'2" S

ib"

4. p
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-[STING OF TH4E MAIN PROGRAM FOR THE NEW E-FIELO SOLUTION

THlE SUBPROGRAMS ZRAT9 I5LOG9 PLANE* DECOt4P9 AND SOLVE ARE NEEDED

JOB (XXXX.XXXX.1. l)e MAUTZ.JCEO* .EGlOtI=200(
C bATFIV

YSIN 00*
MAUTZ .TIME=5 .PAGES.60

COMPLEX Z(1600).R(240).B(40) ,C(403.U.CK.C3.CE(20),CO(20)
)1MENSION THR(3) .RH(43).ZH( 43.X( 48).A(48) *XT( 10) .AT(I01.IPS(40)
IEAC(*11 NT*NPHt
PGRMAT( 2131

NRZTE(3..301 NTsNPHI
FCRNAT(f NT NPHI9/lX.3*153

READ( 10*10) (AT(K) *K I .*NTS

-CAMAT(5E 14.7)
4RITE(3. 11) (XT(K 3 K1 oNT)

WRITE139121(AT(K)vK=1.NT)
-UPP~AT( * XTe/( lX 5El4o7))
-ORMAT( * AT'/( IX 5E14e7l)

4E AD( 110 ( A(K),*K=1vNtPHI)

9RITE (3.13) (X( K) .K 1. PHI)
iRITE(3.14)(AfK) .K1.NPHI)

4EAO(1.16) NPetdKvTHR(1)

IRITE( 3.17) KP*BKoTI4RI1)

OCRMATIO NP .6X.6BK'.12X.'THRe/lX.13.2Pl4e7)

lEAD( 1. 8) FH( I) * 11.NP)

:'ORIWAT( ZOFB.4)

lRITE(3. 19) (R144I).1=1 .NP)

RITE(3o20)(ZH(I ).Il=L*NP)
ICR?'AT(* Rh*/(lX.10F8o4))
rCRMAT(O ZHO/(lXol0F8o4))

)0 28 J=1,NP
1914j)=eKsRH(Jn
!H( J)=BK$ZH(,J)
:cNTINUE

:ALL ZMATII,1.NP.NPHI.NTRH.ZH.X.A.XT.AT.Z)
4T=NP-2
I=2*MT*1
RITE 13929)(ZIJ) #J=1.Nl
:GRIOAT( * Z$/(IX.6E1 1.43)

ALL PLANE(I.I.1.NP.NT.RH.ZH.XT.PAToTHR.R)

'0 22 J=19MT
(J)=R( J)
1=JMT
(Ji )=-R(J I
ONi I UE

(N)=-R(N)
lRITE(3.23) (e(J) .J=IN)77

OFMAT( 8g9/(1X#6EI o1.43

ALL DECOMP(N.IPSoZ)
ALL SOLVE(NKPS*Z*B*Cl

SITE(3937)

ORMAT(O0 T CCMPONENT OF ELECTRIC CURRENT*)

RITE(3*211
ORMATI' REAL JT I'4AG JT MAG JT6)
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.11 DO 24 J=1.MT
C 1=2*/RH(J+l *C(J)
C2=CABS(C18

4 WRITE(3;25 C1:9C2

,...p6 24CCt4TINUE
U=(Oog2o)

WRIIE(.3926) L
L-26 FORMAT(90PHI COMPONENT OF ELECTRIC CURRENT*97X*MAGNETOSTATIC PART

1 WRIIE(3.351
2 35 FORMATIO REAL JP IMAG JP NAG JP096X99REAL JP IMAG JP
3 1 MAG JP$)

.- 00 D 27 J=1.MP

7 D1=RH(JP)-RH(Jl
-:8 D2=Z(JP)-Z4(J)

.9 C4=2o#SORTlDI#DZ,02*D2l
-0 C1~os

,-.I F(JoNEo1) C1=CZ.C(J-1)
* IF(JaNE.I'P) Cl=CI-C(J3

CI=C4*C 1

,.74 C3=CIJ+MTI
.5 CE(J)=USC3

6 CO(J)=-4o/(RH(JP)4RH(J)l*C3
-7 C3=C.CE(j)

C4=CABSCC3)
CZ2CAe25(C 1)

'iS WRITE(3933) C3,C4oCl9C2
--1 33 FCRMAT(1X.3E11.492X93E11.4)
2 27 CONTINUE

wRIIE43,311
31 FORMAT(O0%95X.8ELECTROSTATIC PART OF JP0915X.*ELECTRIC CHARGE*)

.5 WAITE(39361
.j36 FORMAT(@ REAL JP IMAG JP MAG JPoo6X9*REAL 0 IMAG 0

I7 1 AG 0s)
00 32 J=19NP
C1=CE(Jl

3 C2=CABS (C 1
C3=CG(J)
C4=CABStC3)

'3 WRITE(3*331 Cl9C29C3.C4
-132 CONTINUE

:5 STOP
S END

-.$ATA
2 20

-,-0.5?73503E*0O 0*5773503E+O0
o 0I OOOOOOE+0 1 0. 10000 00E0 I

-.- 9931286E+00-0.9639719E+000.o9l22344E*00-0.839117OE+00-O.7463319E+00
4-0.6360537E,0O0e510866CE#00-0.3737O61Ei00-0.2277'A9E00-0.7652652E-01
-. 07652652E-01 0*227785SE*00 *o3737061E40O 0*5108670E+O0 0.6360537E400

* O746331'iE.O0 0*8391170E+00 0*9122344E*00 0*9639719E*O0 09931286E+00

0.1761401E-01 0.*060143E-OI 0.6267205E-01 0*8327674E-01 0*1019301E100

0.1181945E+00 0.13l6eefE.00 0.1420961E*O0 0o1491730E+00 0.1527534E*00

Ool527534E*00 0.1491?30E400 0.1420961E40O 0o1316886F400 0*1181945E*00
4 0.1C19301E400 o.832767*E-01 0*626?205E-01 0*406014.3E-01 0e1761401E-0t

16 0,8377580E-03 0.00C0000E+00
0.0000 1.0000 2.0000 390000 4.0000 5.0000 6.0000 7.0000 8.0000 9.0000
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l0o0000 Il.0000 12*0000 13.0000 14.0000 15.0000
-0.0000 0.0000 0000CC 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000.-
0.0000 0.0000 000000 0.0000 0.0000 0.0000

&STOP

"- XAlNTED OUTPUT
-NT NPHI

2 20

O&.5773503E*00 0.5773503E*00

..001OOO00OE+01 0o1000300E*01

o--0993128EE400-0.9639719E+00-0.9122344E+O0-0.8391 170E400-0.7463319E+00
~Oo636037E*00-0.5108670E+00-0.3737061E*00-0.2277859E+00-0 .7652652E-01

Oo07652652E-01 0*227785gE,00 Oe3737061E*00 0.5l08670E*00 0*6360537EG00
..o7463319E+00 0*8391170E+00 0*9122344EGOO 0*9639719E4'O0 0.9931286E+00

0.1o761401E-01 0.4060143E-01 0.6267208E-01 0*8327675E-01 0*1019301EG00
0olI81945EG00 0.1316ae6E+00 0*1420961ES00 0.1491730E+00 0.1527534EO00
O.15275.34E*00 0.14917!0E400 0*1420961E+00 0.l316886E4+00 0.1181945E400

..091019301E*00 0*8327675E-01 0*6267208E-01 0.4060143E-01 0.1761401E-01
~NP OK THR
16 0*83?75e0E-03 0.OOCOOOOE.00

0.0000 1.0000 2.0000 3.0000 4.0000 5*0000 6.0000 7.0000 8.0000 9.0000
10.0000 11.0000 12.0000 13.0000 14.0000 15.0000
H
0.0000 0.0000 00000o 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 000000-
000000 00000 0.0000 0.0000 0.0000 0.0000

-;1r04l0IE-04 0.2046E+05-0.3719E-04-0.3226EG04 0*1526F--04-0. 1689E+04
0.3052E-04-0.529CEE03-04578E-04-02448E+03-0457E04-0.1347E*03

* .0000OE400-0.8246E+02 0.6104E-04-0.5424E*02-0.1526E-03-0.3764E*02
.0.3052E-C4-0.272lEG02-CO.526E-04-0.2030E+02-0.1526E-03-0.1558E*02

0. 121E03-.120E+2-0915E-0-0.73I+010.350E 0 08615E-0S
-0*7732E+01 0.260SE-07 0.3l26E+01 0.4098E-07 0.13531!+01 Oo1490E-07

:0.7767EG00 0.4OgBE-07 0*5074E400 0.?078E-07 0*3584E#00 0*8196E-07
'0o263OE#00 0.6333E-C7 0*2067E400 0.OOOOE*00 0.16,qE,0o 0*1229E-06
O0.1346E*00 0.8941E-07 0o1120E+00 0*1006E-06 0&9462E-01 0.2384E-06
0*8102E-01 0.1192E-06 0o7016E-01 0.1788E-06

.0*0OO0E*00 0.0000E400 0.0000E400 0.0000E400 O.OOOOE*00 0*0000E+00

.-.*OOOOE+00 0.OOOOE.00 0.OOOOE*0O 0sOOOOE+CO 0.0003E+00 000000F+00
*0OOEO0 0.OOOOE*00 0.OOOOEI00 0.OOOOE+00 0.OOOOE*00 0.OOOOE*00
0.OOOOE+0 O*0OOOOE+00 0.OOOOE*00 0*0000E4OC 0.OOOOEt0O 0.000E400

-0.OOOOE+00 0.0000E400 0.OOOOE+00 0.OOOOE+00-0.OOOOE+00 0*6283E+01
I..OOOOE*00 0.1885EG0?-C*00C0E+00 0o3142E402-0.o0OOE+00 0.4398E*02

0.oCOCE*0O 0.5655E402-0*OOOOE+03 0*6912E.C2-0*OOCCE+00 0@8166E+02
09OOOOE*O0 0.9425E+02-0.OOOOE.00 0o1068E*03-0*OOOOE+00 0.1194E403
0.OOOOE*00 0.1319E+03-0*0000E400 0.1445E.03-0.OOOOE+00 0*1571E403

0000OOOE#0 OsI696E.03-0.oOOOE+00 0.1822E403

-COMPGNENT OF ELECTRIC CURRENT
REAL JT IMAG JT MAG JT

.7513E-O8 0.2116E-01 0.2116E-0l
o7*133E-08 0.2095E-01 0.209SE-0l
)*8226E-0S8 0.2069E-01 0.2069E-01



* 0*8463E-O8 Oo2034E-O1 O.2034E-O1
* OoS348E-08 O.1988E-O1 o~e8ee-oi

Oo?887E-08 0.19231E-01 0*1931EOI1
O.758SE-O8 O.1862E-01 Oet862E-O1

S Oo7201E-08 Ool77SE-Ol O.I78E-0I
0*66e2E-O8 Ool679E-OI Ool6?9E-O1
O.6318E-0B O.1560E-01 Ool560E-O1
0*O56aSE-08 Ool4l8E-OI 0o1418E-Ol
0o4960E-CB O.1244E-Ol Oo1244E-Ol

-. O4143E-CS 0*1023E-01 0.1023E-O1
Oo2985E-08 Oe?317E-02 0*7317E-02

PHI COMPONENT OF ELECTRIC CURRENT NAGNETOSTATIC PART OF JP
*REAL JP IMAG JP NAG JP REAL JP IMAG JP MAG JP

-0.7453E-08-O.2119E-01 0.2119E-O1 -O.7513E-08-0*2116E-01 O.2116E-O1
-O.6943E-08-0o2106E-01 O.2106E-O1 -0*6752E-06-0o20?5E-01 092075E-O1

-O.91079E-07-0*2107E-O1 Oo2107E-O1 -0o.041E-O7-0.20l7E-01 0&2017E-01
-O.1020E-07-O.2t07E-01 092107E-OI -0.91 ?2E-08-0.1927E-01 0*1927E-O1

- -0*9356E-08-O.2110E-01 0.2110E-01 -O.7889E-08-O.1806E-01 091806E-01
-Qe7953E-08-0*2112E-01 0*2112E-O1 -0s5582E-08-O.1645E-O1 O.1645E-O1
-O.9114E-08-O.2120E-01 0.21 20E-01 -Oo579SE-08-091446E-01 0.l446E-O1
-0*1004E-07-O.2130E-O1 0.2130E-01 -0o4488E-08-0o.194E-OI 0*1194E-O1
-O.8794E-08-0o2148E-O1 Oe2148E-O1 -0s25.36E-Oe-0oS832E-02 O.8832E-02

* -O.1231E-07-Oo21?9E-O1 Oo2179E-Ot -Oo304OE-08-O.4939E-02 O.4939E-02
* O.1114E07-o.2232E-01 O.2232E-01 O.612SE-09 Oo4217EO04 Oo4217E-04*
* -O.1310E-07-Oo2326E-Ol O.2326E-Ol O.3051E-08 O.6673E-02 0*6673E-02
* -O.169SE-07-O.2512E-O1 0.2512E-O1 O.5654E-08 O.1632E-Ol Ool632E-0t
* -O.ISO9E-07-0.2828E-01 0*2828E-O1 0o1207E-07 0.3056E-01 0*3056E-O1

-3.4586E-07-O.5684E-01 Do5684E-01 Oo4179E-O7 0*lO24E400 0*1024E4OO

*ELECTRCSTATIC PART OF JP ELECTRIC CHARGE
*REAL JP II4AG JP MAG, JP REAL 0 IMAG 0 MAG 0*

- .5986E-1O-O.3437E-04 O.3437E-O4 O.8204E-O1 Oo1429E-06 0*8204E-O1
- -Oo19t0E-09-0*3146E-03 0.3l46E-C3 O.2503E,0-O.1520E-06 0.2503E4OO

-O..3801E-09-0og001E-03 0o9OCIE-03 0*4298E4.CO-0*1815E-O6 094298E+00

- -Ooi025E-08-0.179SE-02 0.I7gaE-02 O.6133E.00-0o3496E-06 Oo6l33F+OO
-Ool467E-08-0&3044E-02 Oe3044E-02 0.8074E,30-O.3891E-06 0*8074F+0O
-0*2371E-08-0o466?E-02 0*4667E-02 OoIO13E+01-0*5147E-O6 0.1013E*Ot

- -0e3318E-08-0o6?42E-02 Oo674PE-02 Ool238E+01-Oo6O93E-06 0*1238E60l

* -0o5552E-08-0o9353E-02 0.9353E-02 Oo.1'gE+01-0*8836E-06 0*1489E4O1
-O.6258E-08-0.126SE-O1 O.1265E-O1 0*1776E.O1-098789E-O6 O.1?76E*Ol
-Oo9266E-O8-0*1685E-O1 0.168SE-0I O.2117E*O1-0o.I6AE-05 O.2117E*01

-0t176E-07-%o.2236E-01 0.2236E-OI 0e254?E40I-0*133GE-0S Oo25t2E+01
-O.1615E-07-Oo2993E-01 0*2993E-01 093107E401-0o1677E-05 091107E+01

- -Oo2263E-07-0.4l43E-O1 C*4143E-01 O.3957F+O1-0e2l61E-05 0.3957E4OI
* -993016E-07-Oo5884E-01 0.5884E-O1 0.5203E,01-0*2667E-05 0*5203E401
I -o.a765E-O7-Oi15i93E+0O 0&1593E+00 O.1311EI02-0e?215E-O5 0*1311E402
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VII. BOUWKAMP'S POWER SERIES SOLUTION FOR A CIRCULAR DISK

The known solutions for the electric current and electric charge

on a conducting circular disk excited by an axially incident plane wave

are plotted in [1, Figs. 1,2, and 3]. The known solution for the electric

current was obtained from Bouwkamp's formulas [3, Eqs. (23), (38), (39),

Table I, and Table I1]. Actually, Bouwkamp's formulas are for a disk of

unit radius. They had to be changed to mksc units [4, p. 1] for a disk

of radius a meters before being used. The electric charge was obtained

from the electric current via the equation of continuity. The foregoing

electric current and electric charge were calculated by means of a com-

puter program. This program is listed at the end of this section.
j wt

In the present report, ej t time dependence is assumed. However,
.'i -i~t -.

Bouwkamp uses e time dependence. His formulas can be made valid for

ej Wt time dependence by replacing i by -j everywhere. Henceforth in the

present report, Bouwkamp's formulas will be taken not as they stand but

with i replaced by -j everywhere.

inc
If the electric field E given by

Einc -jkz (
E u T e (147)

is incident upon a conducting circular disk of radius a meters lying in

the xy plane and centered at the origin, then the electric field integral

* equation for the surface density J of electric current induced on the disk

7 is

I
u =jk A(r) + ,,(' . A(r))] r on S (148)-x ... .k tan "

where
4

U'
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41T J(k,r') ds' (149)" A~r) ff s

S

The subscript tan denotes the component in the xy plane, S is the sur-

face of the disk, and ds' is the differential element of surface area at

r'. All quantities in (147)-(149) are in mksc units. We want to solve

(148) and (149) for J.

On the other hand, it is evident from [3, Sec. 2] that Bouwkamp

considers

U =j[klA(r + VI(V Al(r))] , on S (150)

where
-jk1 l 1r-rjlI-=7 ~ -1 ~-1 !

1 rr I(kl, ') e
'(r) i - r ds' (151)S1 ...

He solves (150) and (151) for I. Here, r and r' are dimensionless

radius vectors, kI is the dimensionless wave number, V1 is the V operator

with respect to the coordinates of r1 , ds' is the differential element of

surface area at rl, S1 is the surface of a disk of radius unity, and c is

the speed of light.

Substitution of r |

r (152)
-1 a

kl= ka (153)

into (150) and (151) gives

"'" r r " '

J ka a a tan r on S (154)fi 1 a k -1 (•a I  tan':

, where
-jklr-a rl

r l(ka, r') d
s' (155)

a - ) 1:¢ ' .. .
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In (154), V operates on the coordinates of r. Introduction of a new

radius vector r' defined by

r= ar (156)

reduces (155) to r' ej k ir r,A1r I(ka, -) e

(a) acfr a ds' (157)

• S

Equations (154) and (157) can be rewritten as

u = j[k A(r) + V(V • A(r))]ta r on S (158)
-- X tan -

where 4_ r -
A~r)= 4- 7rf r -r' ' rll

1 rr-!(ka. e)
A(r) a ds' (159)

S

Equations (158) and (159) were derived from (150) and (151) for

a disk of unit radius. However, (158) and (159) will coincide with

(148) and (149) for the disk of radius a if -
~r 41T1

J(k, r - I(ka, ) (160)

In (160), the radius vector r on the surface of the disk of radius a

is specified by the distance p from the center of the disk and the azimuthal

angle 4 measured from the positive x axis. According to (160), the electric

inc
current J in mksc units induced on the disk of radius a by E of (147)

is Bouwkamp's solution I for the disk of unit radius multiplied by 4Tr/c

with Bouwkamp's k replaced by ka and with Bouwkamp's p replaced by p/a.

J= u J + u J (161)
- -xx -y y

* I,
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then, thanks to the considerations in the previous paragraph and in the

second paragraph of this section, Bouwkamp's formulas [3, Eqs. (23),

(38), (39), Table I and Table II] yield

j 4(A + B cos 24) (162)X ( 2)' il - Ri

= 4B sin 2i (163)

where

R = p/a (164)

O00

A= A (-jka) (165)
n=1 n

B= B(-jka)n (166)
n 1

where the first six A 's are given by -

n
2

A -4+ 3R (167a)
*1 3

A =0 (167b)
2

2 4
56- 40R + 5R -6cA39 (167c) |-

3 90

A4 =9(2 - R2) (167d)

2 976

A = -2656 + 2408R - 448R 4 + 21R (167e)
5 12600 (

A6  2675 (-296 + 192R - 15R ) (167f)

and the first six B 's are given by
n

IIp
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B =(168a)
1i 3

B =0 (168b)
2

2 2
R (-8 + R ~(6c

3 30

B4  4R2  (168d)
4 97T

R(200- 68R + 3R ~(6e
5 2520

2 2
B 2R (134 - 15R ~(6f

6 67 5rr

As an alternative to (161) -(163), J can be written as

j uj+ uJ (169)

where uand uare the unit vectors in the p and directions, respec-

tively, and

4(A +- B) cos (10b

IT 1l- R'

4(B -A) sin (171)

7T 1-

* It is evident from (165) and (166) that

A+ =~ (A n+ B)n(-jkan (172)

B-A = I (B -A)(-jka) n (173)
n n

n= 1

Equations (167) and (168) give

A I +B 1  4 21 (174a)

A +B =0 (174b)J
4 22

A + B = (1I R )(7 -R )(174c) *
3 3 45
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-A 4 + B = -(1-R (174d)

A + B =(1-R )(-664 + 188R - 9R (174e)
*5 5 3150

A + B 4 ~-(1-R )(-48 + 15R)2 (174f)

and 2(7a
B -A -(2-R)(7a

1 1 3

B2 -A 2 =0 (175b) r
2 4

-28 + 8R -R

B 3- A 3= 4 (175c)

B -A 8- (175d)
14 4 9r

2 4 6
B -A =1328 -704R + 54R -3R (7e

5 5 6300

B -A = (148 29R)2 (175f)
6 6 67-57T

For computation, (170) and (171) are rewritten as

J = C PCos (176)

J C sin (177)

where ~= 4(A + B)(18

4(B -A)(19

r 4- 2

In view of (174) and (175), substitution of the series (172) and (173),

truncated at n =6, into (178) and (179) gives
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,r. C p l + Cp2 + 3 + Cp4 + Cp5 (180)

C ' + C1 2 + C3 + C 4 + C5(

where j4ka S
C 1  3 p (182a)

c j4(ka)3(7 - R) S', Cp2 =45 ' >(182b)

c -

C 3 = 9a S (182c)

5 2 4
C .-j(ka) (- 664 + 188R - 9R4)

p4  3150 (182d)

4(ka)6(- 148 + 15R 2r)C "- I)5675T -- S (182e)

where 
-/1.,

Tr (183)

Also, 2

= j2ka(2 - R S (-
3 (184a)

- j(ka) 3(28 - 8R2 + R 4  S(14,
2 -45 (184b)

4
v " _ 8(,ka) 4

03 97T S(184c)5: 2 4"6
j(ka)5 (-1328 + 704R2  54R4 + 3R6 "= 4 + S (184d)C 4 6300 )

-4(ka) 6(-148 + 29R S (184e)

5= 6757T

where

S__ (185)

7T - R

Substitution of (176) and (177) into (169) gives

c
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Thus, the electric current J induced on the disk of radius a by the inci-

inc
dent electric field E of (147) is given by (186) where C and C are

P

given by (180) and (181), respectively.

The electric charge associated with J of (186) is called q eand is

given by the equation of continuity (1, Eq. (1)]. In view of [1, Eq. (B-3)],

substitution of (186) into [1, Eq. (1)1 gives

q 1j~ [-(PC Cos p)+ (C~ sin )](187)

which reduces to

q -Cq s (188)4

where

C = -(c + C + p- (189)
q kp p a

Thanks to (8)(1),(189) becomes

C =C + C + C + C + C(10
q qi q2 q3 q4 q5(10

where

C =2S (191a)
ql q

2 2
Cq - (ka) (4 S (191b)

q23 q

3
C3-_j16(ka) (9c
q3r q (9c

:::2;;;4 (8 44R 2 + 3R 4 S (191d)

7q4 180q

_ 1(a -6+5 S (191e)
q5 q Ar

KSq 4R (192)
1 R1 -
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The electric current J induced on the disk is given in terms

of C and C by (186). The electric charge q induced on the disk
Pe

is given in terms of C by (188). Now, C0 , CV and C can be cal- :
,,q q

culated by the computer program listed at the end of this section.

This program reads input data from a punched card according to

READ(l,12) N, BK

12 FORMAT(13, E14.7)

The coefficients C , CV and C are calculated and printed out at
P q

1 2 3 N-1
p/a 0

where p is the distance from the center of the disk, a is the radius of

the disk, and N is a positive integer. BK is the dimensionless product

- . ka where k is the wave number. F'I".
The only array in the program is CQ. The minimum allocation

for CQ is given by

COMPLEX CQ(N)

The program prints out the real part, the imaginary part, and the

magnitude of C of (180) under the heading "REAL JR IMAG JR MAG JR."

!4 The real part, the imaginary part, and the magnitude of C$ of (181) are

printed out under the heading "REAL JP IMAG JP MAC JP." The real part,

the imaginary part, and the magnitude of C of (190) are printed out
q

under the heading "REAL Q IMAG Q MAC Q." The ith row of numbers printed

out under any one of these three headings is for

p/a = (i-l)/N

)"b
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The sample input and output data are for the disk of radius

0.002 wavelengths with N = 30. The sample output data for IC I are
p

plotted as the solid curve in [1, Fig. 11. Similarly, 1C j is

plotted in [1, Fig. 2], and IC I is plotted in [I, Fig. 3]. The
q

solid curves were obtained by drawing straight line segments between

the data at

p/a = 0, 1/30, 2/30, 3/30, ... 29/30

It was possible to extend the curve for 1C I to the rim of the disk
p

because IC I is known Lo be zero there.
p

The function FABS(X) returns the magnitude of the complex

variable X. If either of the real and imaginary parts of X is less

-35
than 10 in magnitude, then its contribution to the magnitude of X

is omitted in order to avoid a machine underflow.

Inside DO loop 19 in the main program, C of (180) is accumu-
p

lated in CR, C of (181) is accumulated in CP, and Cq of (190)

is accumulated in CQ(J). The index J of DO loop 19 obtains

P/a = (J-I)/N

A In accordance with (164), line 28 puts p/a in R. Line 31 puts S of V

(183) in SR, line 32 puts S of (185) in SP, and line 33 puts S of

(192) in SQ. Line 34 puts C01 of (182a) in CR, line 35 puts C I of

(184a) in CP, and line 36 puts Cql of (191a) in CQ(J). If ka < 10- 20

nothing is added to CR, CP, and CQ(J) for fear of machine underflows.
.If ka 1020, lines 40-42 add G , C 2 , and C to CR, CP, and CQ(J),

p2 2 q2

* respectively. If ka I - 1 5, lines 45-47 add C,3 , C 3, and Cq3 to

i° ,3
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CR, CP, and CQ(J). If ka 10-12, lines 50-52 add C, c~ andC

-10p4 
4' q

to CR, CP, and C00J). If ka > 10 ,lines 55-57 add Cp5 , C 5, and C q

to CR, CP, and CQ(J). Line 58 puts the magnitude of CR in SR, and line

59 puts the magnitude of CP in SP.

DO loop 17 prints out CQ(J).
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001C LISTING OF THE COMPUTER PROGRAM THAT CALCULATES BOUWKAMPOS
002C POWER SERIES SOLUTION FOR A CIRCULAR DISK

-.003//PGM JCS £XXJCJC.XXXX111.MAUTZ.JOE*.REGION4=200K
-'004b#/ EXEC WATFIV
1005&#4G~oSYSIN OD
006 $JOB MAUTZIT IME=1 .PAGES=40
.007 FUNCTION FAestxi
001 COMPLEX X
009 R=AeS(REAL(X))
010 A=ABS(AIMAG(X))
oil IF(R*LTel*E-35) A=o*
012 IF(AoLT*1.E-351 A=0.o
0 13 FABS=SQRT(R*R+A*A)
014 RETURN

-015 END
016 COMPLEX U*CRvCP9CO(I80)
1017 C=4o/3oI41593

* 010U=(O0914)
-. 019READ(1*12) N98K

P020 12 FOPMAT(13*E14*71
021 %RETE(3914) N.BK
.022 14 FORMAT(80 N'.6X,'3Ke/1X9I3sE14*7)

'023 D=Ie/N
-. 024 WRITE(39131

-05 13 FORMAT(G0 REAL JR IMAG JR MAG JR096X9'REAL JP IMAG JP
:026 1 NAG JP9)
-027 DO 19 J=1.N
028 R=(J-11*0
1029 R2=R*R
030 S=SORT(1.-R2)

'-031 SR=C*S
1032 SP=-C/S
*033 SO=-SP*R
-034 CR=lo333333*SR*BKOU
1035 CP=o6666667*SP*(2*-R21*BK*U
'..036 COEJ)=SQ*2o
037 IF(1BKeLT*1.E-20) GO TO 11

-038 992=5X*8K
:.039 893=8K2*8K

* 040 CR=.8e88889E-o1*SR*(7.-R2)*BK3*U.CR
-041 CP=.2222222E-O1*SP*(P2*(R2-8.U,28.)*6K3*UCP

042 CO(J)=SO*BK2*(4*-R2)/3o*CO(Jl
.:.043 IF(EKeLTeleE-15) GO TO It

044 eX4=BK3*BK
.- 045 CR.o2829421*SR*BK4#CP
4 046 CP=.2e2g421*SP*BK4+CP
r-047 CO(J)=-*565eE42*SO*BK3*U+CC(JI
- 040 IF(eKoLTo1oE-12) GO TC It

*..050 CR=-1.,3150O*SP*((18.-g*R2)*R2-664.)*eK5*U+CR

4052 CO(J)=SO*BK4*(R2*(3.*R2-44. )+88o)/180.+CQ(J)
-053 IF(B3K*LTo1.E-1OI GO iC 11
054 0K6=BK5*BK

-.055 CR=-.1886231E-02*SR*(15e*R2-148.)*5K6*CR

056 CP=-.1e86281EO02*SP*(29o*P2-148.I*8K6.CP
057 CO(J,=SO*8K5..22e3537E-Ot*(-26..5*R2)*U#CQ(JI

0OSS 11 SR=FAesIcR)
-059 SP=FABS(CP)
060 WRITE(3915) CR*SR*CPSP
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I.061 15 FORNAT(1X93E11.4*2X*3EI1.43
,062 19 CONTINUE
063 WFITE43918)
064 IS FORMAT(40 REAL 0 IMAG 0 NAG 09)
065 00 17 J=1.N

.. 066 S0=FASS(CO(J))
!067 WRITE(3mI5) CO(J)*SO
066 17 CCtNTINUE
*069 STOP
070 ENDO

$DA TA
30 Co.2S6637E-01

$STOP

PRINTED OUTPUT
IN EK

30 Ool25C637E-01

* REAL JR IMAG JR MAG JR REAL JP IMAG JP NAG JP
00898SE-08 O.21.33E-CI Oo2133E-O1 -O.8985E-O8-O.2133E-O1 O.2133E-01
Oo8980E-08 0.2132f-01 O.2132E-O1 -O.8990E-O8-Oo2133E-01 O*2133E-01
O.8965E-O8 092129E-01 O.2129E-O1 -O.9005E-08-O.2133E-OI Oe2133E-01

* 08940E-08 0.2123E-01 O.2123E-O1 -O.9O3OE-O8-0*2I34E-O1 Oe21.34E-01
* 08905E-08 O.2114E-3I O.2114E-O1 -Oe9O66E-O8-0*2134E-O1 Oe2134E-01

* 0.859E-C8 O.2104E-O1 Oo2l04E-O1 -0o9l12E-08-O.2134E-O1 O.2134E-01

* 0.803E-08 Oe2090E-Ol Oo2090E-OL -0*9170E-Oe-O.2134E-O1 O.2134E-01
0*8737E-08 Oo2O75E-01 Oo2075E-01 0.e9240E08O.*2134E-01 O.2134E.-01

0.8660E-08 0.2056E-O1 O.2056E-01 -0.93J22E-O8-O.2135E-O1 O.2135E-01
0.8571E-08 O.2035E-O1 Oo2035E-01 -0*9419E-08-092136E-O1 092136E-01

098471E-CS Oo2011E-O1 Oo2011E-Cl -O.9530E-08-O.213?E-01 O.2137E-01

0*O8359E-08 Oo1985E-01 0.1985E-01 -O.9657E-08-O.2139E-O1 092139E-01

0*8235E-08 Oe1955E-01 0*195SE-Ot -0*9803E-Oe-O.2142E-O1 Oe2142E-01

0.8097E-O8 0*1923E-O1 O.1923E-01 -O.9970E-O8-O.2145E-01 O.2145E-01
0*7947E-08 O.1887E-OI O.8e7E-O1 -0*1016E-07-O.2150E-01 092150E-01

0.77S1E-08 O.e3S48E-O1 091848E-01 -0*1037E-07-Oo2lS6E-O1 O.2156E-01

0*7600E-08 0o1805E-OI 091805E-01 -0o1062E-07-0s2163E-O1 O.2163E-01

Oo?403E-08 0.1758E-01 O.175SE-O1 -O*1O9OE-O7-0s2I74F-O1 Oo2l74E-01
Oo?188E-08 O.1707E-O1 Oo1707E-01 -0.1123E-07-O.2187E-O1 Oe2t8?E-01

0*6953E-08 O.1651E-01 O.1651E-O1 -Ool161E-07-O.22OtE-O1 O.2204E-01

0@6697E-08 0.I5Q)OE-OI 0,1590E-01 -0*1205E-07-0*2226E-O1 092226E-01
0.6416E-O8 O.1524E-OI Co.524E-O1 -Oo125SE-O7-O.2256E-O1 0a2256E-01

O.6109E-08 O.14S0E-O1 Do.450E-01 -0&1322E-O7-O.2294E-01 O.2294E-01
* Oo5769E-08 O.1370E-OI 091370E-01 -O.1399E-07-O.2346E-01 O.2346E-O1

0.5391E-08 Oo129OE-O1 O.1280E-01 -0O.I97E-07-O.2418E-OI O.2418E-01
0.4967E-08 Oo1179E-O1 Q.1179E-01 -O.1625E-07-O.2520F-O1 O.2520E-01

* 0*4482E-08 0*1064E-OI Oe1064E-O1 -O.IBO1E-O7-0*2670E-01 O.2670E-OI

0*3916E-08 Oo9300E-02 3o9300E-02 -O.ZC6IE-07-O.2912E-O1 Oe2912E-O1
0*3226E-08 Oo7659E-02 0*7659E-02 -Oe2503E-07-Co3354E-OI Oo3354E-01

* 0*2.300E-08 0o5462F-02 Oo5462E-02 -0*35O9E-O7-O.444OE-01 Oo4440E-01

REAL 0 IMAG 0 NAG 0
* *OOOOE+Oo OoOOOOE+OO O*OOOOE*00
* O.494E-0I-O.4?6'sE07 Oo849o4E-01
0.1?02EOO-O.9555E-C7 OeI702E400
O.2560EOO-O.1437E0C6 Ce2560E400
0.3426EO0-0*1924E-06 Co3426E*00
Oo4305EO0-Oo2417E-06 O.4305E4009
Oo05199E+0O-.O.2919E-06 Oo5l99E400
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Oo6llIE.O-o3431E-06 C.6111E+OO
O.7O46EtOO-O.3957E-06 Oo70#6E*OO
0. 8009E.0-O 4497E-06 O.8009EG00
0.9004E4OO-O.5056E-06 Co9004E+00
O.1004E4O1-0.5636E-06 001004E+01l
0*1111E4O1-0*6241E-06 Oo11IIE+O1
Ool225E.Ol-Oo6876E-Ob O.1225E.01
O.1344E+OI-Co7545E-O6 O.1344E+OI
O.1470E4O1-Ooa256E-06 O.1470E*OI
Ool6O6E+O1-O.9O16E-C6 0*1606E.OI
OeI751E+Oa-Ooqe35E-06 O*1751E4OI
Oel9l0E+O1-Ool072E-05 O.1910E+OI
Oo2084E4O1-OeilFOE-05 Oo2084E*O1
0*2278E+O1-O.I27SE-O5 0*2278E+O1
O.2496E+01-O.1402E-05 0*2496E*OI
0*O2747E*O1-O.I542E-O5 Oe2747E*O1
O.3041E.Oi-O~l7OeE-05 Oo3O~lE4O1
0*3396E*Ol-Ool907E-05 0933;6E+01
O.3839E+01-092156F-05 Co3839E*Ol
09O.424E+C1-O.2484E-O5 Oe4424E+O1
O.5258E*OI-Oo2953E-05 C*5258E4O1
O.6621E+0I-O.371eE-05 Oo6621E+OI
Oo9615E+O-O5399E-05 O.96I5E+01
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VIII. THE MIE SERIES SOLUTION FOR A SPHERE

5The known solutions for the electric current and electric charge

on a conducting sphere excited by an incident plane wave are plotted in

[I, Figs. 4, 5, and 61. The known solution for the electric current was

obtained from the Mie series solution [4, Eq. (6-103)]. Actually, [4,

Eq. (6-103)] had to be modified so as to be valid for the incident plane

wave [1, Eq. (110)] which travels in the negative z direction rather than

for the incident plane wave [4, Eq. (6-96)] which travels in the positive

z direction. The electric charge was obtained via the equation of con-

tinuity. The foregoing electric current and electric charge were calcu-

lated by means of a computer program. This program is listed at the end

of this section.

If E is set equal to n, if P (cos 8) is replaced by -P (cos 0),
0 n n

and if P (cos 0) is replaced by -P (cos 0), then [4, Eq. (6-103)]
n n

becomes

3(eq) = . 0Jo(0) cos 4 + u J(0) sin * (193)

where d 1
1 j - Pn(cos 0) P (cos 0)

(0)= an (-fl() + n (194)nl (ka) sin 6 ()(a

n n

CO -jP (cos 8) -P (cos )

(Y a0( dn ) (195)
n=l sin 0 iP2)(ka) fH(2 (ka)

n n

where

-n
a = n(2n+l) (196)-. n n(n+l)

In (193), u and are the unit vectors in the 0 and directions, respec-

tively. As given by (193), .(0,0) is the electric current on the conducting

,-. - ~ ~~.. .. .. .-. .. -.. ... . . .... .. . ... , , . -, . .. '- . . . -'
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sphere of radius a centered at the origin and excited by the plane wave

whose electric field is Einc given by

.inc -jkz
E u ne (197)

It was necessary to replace P by -P and P by -P in [4, Eq. (6-103)] S
n n n n

1
because the P used in the present report is taken to be the negative of

n

the P used in [4]. The P used in the present report is that which is
n n

calculated in [5]. The right-hand sides of (194) and (195) coincide with the

right-hand sides of [5, Eqs. (2) and (3)].

The electric charge associated with the electric current (193) is

called e (O,q). As calculated from [1, Eq. (1)] with V s given bye S

[1, Eq. (B-3)],

q (0,) = cos (198)e c

where "

= a sin ( (sin i0 (O)) .- (0)) (199)

Substitution of (194) and (195) into (199) produces 1I

1 d d 1 n
(2''(sin 0 (cos 0)) + 2 (200)'.') =1 A(2)' sdn n 2

(ka) n=1 (ka) sine
n

Thanks to the associated Legendre equation [4, Eq. (E-1)]

1 d ld 1 1
si e ~ (sine0- P (cos 0)) + [n(n+l) i] p (cos 0) = 0 (201)

;:sin 0 d0 -O n n..!. ~sin2 0-.:

4 expression (200) reduces to

=O a n(n+l)P (cos e) (202)y n (22[ . (ka)~2 n= (2)' ( 0 ). -
(ka) n1... n

*1
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So far, it has been established that the incident plane wave (197),

which travels in the positive z direction, induces the electric current (193)

and the electric charge (198) on the sphere. However, the objective is to

find the electric current and the electric charge induced on the sphere by

an incident plane wave that travels in the negative z direction.

If the situation in which the electric current (193) exists on the

sphere excited by the incident electric field (197) is rotated 1800 about

the x axis, then the resulting situation is that of the electric current

induced on the sphere excited by the incident plane wave whose electric field

inc
is Ei given by

inc jkz
E u rle (203)

This plane wave travels in the negative z direction and coincides with

[1, Eq. (110)1. Therefore, the electric current J induced on the sphere

in [1] is J of (193) rotated 1800 about the x axis.

Substitution of

e ucos0cos +ucos sin -usin8 (204) P.
-x -y -z

u u sin + u cosP (205)..-- X -Y

into (193) gives

(0, ) = (_(u cos cos $ + u cos 0 sin - usin 0) J (6) cos -
.- y

(-ux sin +u ycos ) () sin (206)

Expression (206) is more suitable than (193) for 1800 rotation about the

x axis. A 1800 rotation about the x axis amounts to replacement of x

by itself, replacement of y by -y, and replacement of z by -z. This is

written as

.7
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x x x

-y (207)

Now, (207) is equivalent to

-- ( (208)

When rotated 1800 about the x axis, u remains unchanged, u changes to

-uy, and u changes to -u It is now evident that J(O, ) of (206) can

be rotated 1800 about the x axis by taking the value of 3(0,0) with the

signs of its y and z components changed and placing this value not at

;. (0,0) but at (7-0, -0). Hence, if the result of 1800 rotation of J(6,0)

about the x axis is called J(0,), then

AS

J(Tr-e, -$) = (ucosecoso-u cos0sino+ u sin 0) J (0) cos 0
-x-Z 0

+ (-u sin4- u cos 0) 3 (0) sin 0 (209)

Replacement of 0 by 7"-0 and 4 by -0 in the arguments of J, J6 9 JV, the

sines, and the cosines in (209) yields

J(0,0) = - (u cosOcosO+ u cos0sinO-u sin 0) J (7"-0) cos 4-

+ (-u xsin,+ u cos 4) J (Tr-0) sin 0 (210)

: Now, (204) and (205) reduce (210) to

J(O,O) =- 3e(7h0) Cos + (7-6) sin (211)

The electric charge associated with the electric current (211) is

called qe(0,4). As calculated from [i, Eq. (I)] with V s given by
eS

[1, Eq. (B-3)],
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(04q)) - (Cn-0) Cs(212)
C

where q(e) is given by (199) which was previously reduced to (202). .'-

According to the development (203)-(212), the incident plane wave

(203), which travels in the negative z direction, induces the electric

current (211) and the electric charge (212) on the sphere. The computer

program listed at the end of this section calculates the functions Joe8),

(0), and q(8) that appear in (211) and (212). Of course, these functions

also appear in expressions (193) and (198) for the electric current and

* electric charge induced on the sphere by the incident plane wave (197), which

*j travels in the positive z direction.

The computer program listed at the end of this section contains the

subroutines BES, LEG and CURNTC. The subroutines BES and LEG are exactly

- the same as in [5] and are described in detail there.

The subroutine CURNTC(X, NT, CUR, Q) puts J (0) of (194) for ='

(K-I)i/(NT-l) in CUR(K) for K=I,2,...NT. Similarly, CURNTC puts J5(e) of (195)

" in CUR(NT+l) through CUR(2*NT) and q(0) of (202) in Q(l) through Q(NT).

The value of ka in (194), (195), and (202) is equal to X. The arguments

X and NT are input arguments and the arguments CUR and Q are output argu-

ments. The subroutine CURNTC calls the subroutines BES and LEG. Minimum

*" allocations in the subroutine CURNTC are given by

*l COMPLEX CUR(2*NT), Q(NT), H(N), HP(N), HQ(N)

DIMENSION BJ(2*N+I), BJP(2*N+I), BY(N+I), BYP(N+I)

where

N = MIN(5.+4.*X, 29.) (213)

Here, MIN denotes minimum value.

-°I

A. ' .............- ..
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The subroutine CURNTC(X, NT, CUR, Q) was created by appending Q

to the list of arguments of the subroutine CURNTC(X, NT, CUR) listed in
.7"

[ [5, p. 11] and calculating Q by means of (202). For the calculations, the

00 N
" in (194), (195), and (202) was replaced by Y where N is given by (213).

n1l n 1

In the subroutine CURNTC, statement 14 puts the spherical Bessel

function of the first kind j (ka) in BJ(n+l), j(ka) in BJP(n+l), the
n n

spherical Bessel function of the second kind yn(ka) in BY(n+l), and

- yn(ka) in BYP(n+I) for n = 0, 1,2,...N. The functions fi(2) (ka) and (2)' (ka)
n n n

in (194), (195), and (202) are given in terms of the spherical Bessel func-

tions and their derivatives by

H(2) (ka) ka(j (ka) - jy(ka)) (214)

H~~~~~(2)'ka ka'ka+3nYH (ka) kajt (ka) + j(ka) - j(ka y'(ka) + yn(ka)) (215)

n n n n

I, a

SDO loop 11 puts n in H ) for n J. Furthermore, DO loop 11

ka H 2 (ka)
n

jan  a n (n+l)
puts '2-'in HP(J) and nin HQ(J). The index K

ka H n (ka) (ka) H n (ka)
n n " '

of DO loop 12 obtains 0 according to 0 = (K-I)7T/(NT-1). Statement 15 puts

PI(cos 0) in BJ(N+l+n) and d- Pl (cos 0) in BJP(N+l+n) for n = 1,2,.. .N.

DO loop 13 accumulates J6 (0) of (194), J ,(0) of (195), and q(6) of (202)
I. -

i. in Gl, G2, and G3, respectively.

The main program reads input data from a punched card according

to

READ(l,23) NT, XC

23 FORMAT(13, F14.7)

. ** *
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For ka XC, the main program prints out the quantities J6(0) of (194),

J (6) of (195), and 4(6) of (202) at

0 (i-l)ir/(NT-l), i = 1,2,...NT (216)

where NT is a positive integer and NT > 1. The main program requires the

subroutines CURNTC, BES, and LEG. Minimum allocations in the main program

are given by

COMPLEX CUR(2*NT), Q(NT) r

The main program prints out the real part and the imaginary part

of (0) under the heading "REAL JT IMAG JT." The real and imaginary

parts of 3 (0) are printed out under the heading "REAL JP IMAG JP." The

magnitude of J (0) is printed out under the heading "NAG JT." The magni-

tude of J4(6) is printed out under the heading "MAG JP." Down farther,

the real part, the imaginary part, and the magnitude of 4(0) are printed

out under the heading "REAL Q IMAG Q MAG Q." The ith row of numbers

printed out under any one of these headings is for 0 given by (216). The

sample input and output data are for the sphere of radius 0.002 wavelengths b

with NT = 31. The sample output data for [ (O)l are plotted as the solid

curve in [1, Fig. 4]. The solid curve was obtained by drawing straight line

segments between the data at the values of 0 given by (216). Actually,

IJe(0)1 was plotted at t = 0 in [1, Fig. 4], and !3 (ff)l was plotted at

t 7ra in [1, Fig. 4]. However t = 0 corresponds to e = Tr, and t = 7a

* corresponds to 0 = 0 so that the solid curve in (1, Fig. 4] is really a P

plot of ,Jo(7-01). This is in harmony with expression (211) for the

electric current on the sphere excited, as in [1, Fig. 41, by the incident

'- plane wave (203), which travels in the negative z direction. Similarly,

U , - " " -: -' . . llm lmml mm llm mm -, ,,i Lmm k ,m mh 'mn m wlm~, m m l - - :. ,i . .
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the sample output data for Jj7(-O)l are plotted as the solid curve in

[1, Fig. 5], and the sample output data for I (r-e)I are plotted as the

solid curve in [1, Fig. 6].

If ka < 0.001, then the subroutine CURNTC can not be used to 1
calculate J (0), J (0), and ^(6) because the subroutine BES called by it

does not calculate any of the functions j'(ka), yn(ka) and y'(ka) whenevern n n

ka < 0.001. If ka is small, then the spherical Bessel functions j (ka)
n

and y (ka) can be approximated by [6, Eqs. (10.1.4) and (10.1.5)] 1

(ka)J n (ka ) = 1.3,5 ... (2n+1) (217) "

Ynk) =-1.3-5 ... (2n-1)

a (214) (218)
(ka) .1

Therefore, when ka is small, H(2(ka) of (214) and n2(ka) of (215)n n

can be approximated by b

f(2) j(1_______3_(ka) - j(l.35...(2n-l)) (219)
(ka)

(ka) = -jn(l-3.5... (2n-l)) (220)

n (ka) n+l

When ka is small, it suffices to retain only the term for which n 1

in each of the infinite series on the right-hand sides of (194), (195),

and (202). The required P (cos 0), being the negative of the P1(Cos 0)
11

defined by [4, Eq. (E-17)], is given by

12
P (Cos 0) = -cos0 sin (221)
1

In view of (219), (220), and (221), retention of only the term for which

n = 1 in each of the infinite series on the right-hand sides of (194),

(195), and (202) gives

I
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J(0) = -1.5 (222)

-. (0) = 1.5 cos 0 (223)

:'". q(0) =3 sin 0 (224)

If ka < 0.001, then the branch statement on line 198 in the main

program causes DO loop 16 to be executed. The index J of DO loop 16

obtains 0 = (J-l)7/(NT-l). Inside DO loop 16, J0 (0) of (222) is put in

CUR(J), J (0) of (223) is put in CUR(J+NT), and 4(0) of (224) is put in

V Q(J). .
I-M

If ka > 0.001, then the branch statement on line 198 causes

statement 15 to be executed. For the NT values of 0 given by (216),

statement 15 puts 31(0) of.(194) in CUR(I) through CUR(NT), J (0) of

(195) in CUR(NT+l) through CUR(2*NT), and 4(0) of (202) in Q(1) through .

Q(NT). DO loop 10 prints out (0) and .Ts(0). DO loop 13 prints

out V(e).

bb

a"

a
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001 C LISTING OF THE COMPUTER PRCGRAM FOR THE MIE SERIES SOLUTION
002 C FOR A SPHERE
003 /P GM .JOB (XXXX~XXXX,1.1),@MAUrZ.JCEe.REGION=-200K
004/' EXEC WATFIV
005&#/GOwSYSIN 00
006 $JOB MAUTZ9TIME=1 .PAGES=40
007 C
008 C LISTING OF THE SUEROUTINE BES

.<.009 SUB3ROUTINE B4ES(LLDID.NJ.XJ98J.BJP.BY.EYP)
010 DIMENSION 8Jt5OJ.BJP(50)*BY(50)*BYP(50)tBS(50)

012 L3--(LD- II*NJ
' 013 6 IF(XJ-1.E-3) 3.3.4
014 3 J1=L1ll
015 J2=LI*NJ
016 DO 5 J=Jl*J2
017 B3J(jl50

-Ole 5 CONTINUE
019 BJ4Jl)=lo
020 RETURN

*021 4 SN-SIN(XJ)
022 CS=COS(XJ)
023 IF(XJ-15*1 11.12.12
024 12 BJ (LI + I)=SNO/XJ
025 BJ(L1.23=(BJ(Ll*1)-CSI/XJ
.026 DO 14 1=39NJ
,02? 13.Ll*I

S028 12=-13-1
029 11= 13-2p

i 030 BJ(13)=FLOAT(2*1-3)IXJ*BJEI2)-8J(11)
0 I31 14 CONTINUE
.032 B3=FLOAT(2*NJ-l1/XJ*OJ(13)-BJ(12)
033 GO TO 15

-034 11 NBJ=XJ*22*
035 IF(KBJoLEeNJ) NBJ=NJ*1
:036 BS(NBj)=Ow
037 BS(NBJ- I)= I E-50
038 Nej2=NBJ-2

-.-'039 DO 193 11.*NBJ2
040 12=-NeJ-1
*041 13=12+1
042 11=12-1
043 F1=FLOAT(2*I111)/XJ
044 BS(I I BS( 12 )*F I-8S131
-045 193 CONTINUE

4046 81-SN/XJ
1-047 B2=B1i/XJ-CS/XJ
-048 IF(ABS(81J-AeS(82))I92*2
049 2 ee=e1/BS(13

:050 GO TO 9
051 1 BB6S2/BS(2)

.052 9 DO 194 1=1.NJ
-053 I1=Ll*f
054 B.(I I =BS( [3B

05 194 CCNTINUE
Os. B3=BSIN-J,1)*58

-'057 15 BY(LI+1 )=-CS/XJ
dogs SY(LI,2)=(BY(LI,1)'SNI/XJ
05 00 D 64 1-39NJ

060 13inLI01
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2= 13 -1
i=13-2
f( 13 I=FLOAT( 2*1 -3)/XJ*BY( 12)-BY( 11)
iNTINUE
=FLOAT(2*NJ-1)/XJ*flV(13)-8Y(123

(IDoEQe2) RETURN
JZ=NJ-1

$P(J 1)=-BJ( J2)
fP(JI )=-HY( j2)

3 65 J=29NJI

!=L3+j
L 4.1-1
3=.1142
J=2*(2*J-1 3
JP(J2)=.5*(EJ(Jl)-8J(J3))-(E3J(ji)4BJ(J33)/FJ
VP(j2)=.5*(2!Y(J1)-BY(J3))-(BY(jl)i-8Y(J3))/FJ
JPTINUE
J=FJ*4.

?-J2+1
I=J1 41
IP(J21=o5*(8J(Jl)-83)-(BJ(Jl)*R3)/FJ
FP(J2)=o5*(8Y(Jl3-B4)-(BV(JI)4)/FJ

-TURN

[STING Of THE SUBROUTINE LEG
JBROQUTIKE LEG(L9LO. IDvNJ9tdXPoP.PP)

[MENSICN PC(8)..P(59) .PP(59)9PS(50)

3 7 J=1.Ml
:(J+I =PC( J)*FLCAT( 2*J-1 3

3NTINUE
i=tA*NJ-M*( N-i1)12

!=(L-1 1*L5

!=ABS( I&-XP*XP)

.=SQRT(3C2)
1 3 J=1.M1
!'L24( J-1) *NJ-( J-2) *(J- 11/2

'(J*NE.I) XZJ=X1**(J-l)
1 u3=PC(J3*X3
(2)=PC(J*I )*XP*X3
(JoEO.MI) GO TC 14
M24 13=PS( 13
M2+2)=PS422

ll4 13.J1 I
4I1NJ-J4I
m1-2
-1-1 i
gg,=2o*XP*PS(12)-PS(11)+FLOAT(2*J-3)/FLOAT(12)*(XP*PS(I2)-PS(ti3

(JeEQ.MIl GO TC 4

JIzPS( 1)
,% TI IJE p

9 1I OVUE



121 IFfID.EQ.2) RETURN
122 DO 5 J=1.N
IL23 M2=L4+(J-1)*NJ-(J-2)*tJ-1)&2
124 M3=M2+L2-L4 1
125 NJI=NJ-J*1
126 DC 6 I=29NJI
127 J2--0201
128 J1=M3+1-NJ4J-1
129 J3N31*NJ-J
130 IF(J.IEoloAN~oJoIEM) GO TO 8
131 IF(J&KE*1) GO TO 12

N132 PP( J2 J=-P( J3)
133 GO TO 6
134 12 PP(J2)=.5*(FLOAT(1*(2*J+I-1]))*P(Jl3-Ps(I-)
135 6010O6
136 8 PP(J2)=.5*(FLOAT(I*(2*JtI-3))*P(J1)-PtJ3))

S137 6 CONTINUE
S138 J2=M2* 1
139 J1143-NJ+J
140 IF(JohEo1I GO TO 13
141 PP(J2)=Oo

13 13 PP4J2)=*5*FLOAT(2*J-21*P(Jill
144 5 CONTINUE

145 RETURN

146: END
-147C

148C LISTING OF THE SUeROUTINE CURN4.
t49C THE SUBROUTINE CURNYC CALLS 7.CSURTNSBE NLE
150 SUBROUTINIE CURNTC(XoNT*CUR.O) SURTIE SANLG

151 COM'PLEX CUR(14b).O(731.U.Gl.G2.G3.DG4H(29).HP(29)140(291 -.-

152 DIMENSION fJ(59)veJP(59)9BV(5O1.BYP(50)
153 N=MINI( 5&+4.*X*29o)

- 14 NP=N+l
155 14 CALL BES(I.I.I.NPX*BJ9BJP*BYoi3YP)
156 U=(00916)

158 ~ 0 D1 J_1.
159 61=-G1*U
-160 G3=FLOAT(2*J+1)/X*Gi
4161 J1J41
162 G2=I./FLOATCJ*JI)*G3
163 G41.o/(X*BJP(Jl),8J(i i)-U*(X~eYP(J1)+By(J1)3)

--.164 N(J)=G2/( X*(BJ(JI)-U*BY(Jl)))
~.. 165 HP(JJ=G4*G2*U

~166 MC(J)=G4/X*G3
A 167 11 COhITNUE
168 DT=3ol4l5g3/(NT-1)
169 DC 12 K=19NU
170 Z=CCS((K-1)*OTI
171 16 IFCA8S(Z)*GE.1.3 Z=SIGN(o999989Z)
A72 shN1./ScIrT(I.-Z*Z)
4173 15 CALL LEG(1.1.1.NP929Z*8J*8JP)

.174 GI=O*
175 G2=O0
176 G3-0.
177 D0 13 J=l.N
178 JlzP+J
1479 S1B:SN*BJ(-DI) P

t Ioo 6GI4-BJP(J1)Hf)+eH
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lei G2=G2-Se.HP(J)-BJP(Jl).MEJA
182 G3=G3.HC(J)*EJ(j1)
183 13 CONTINUE
184 CUR(K)=Gl

185 CUR(K*NT)=G2
186 G(K)=G3
187 12 CONTINUE
188 RETURN
189 END
190C
191C LISTING OF TPE MAIN PROGRAM
192C THE SUBROUTINES CURNTC, SES9 AND LEG ARE REQUIRED
193 COMPLEX CUR(292)90(146).C2
194 READ( 1.23) NT9XC
.195 23 FCRMAT(13,EIA.7)
,196 WRITE(3*24) NT9XC
197 24 FCRMAT(s NT*96Xo'XC8/lXJ3oEl4o7)
198 IF(XC-1.E-3) 14.14.15

-199 14 DT=3*141593/(%T-1)
200 DO 16 J1.oNT
201 TH=(J-11*0f
202 CUR(J)=-lo5
203 CUP(J+NT3=I*S*COS(THI
204 O(J)=3o*SIN(gi)
.205 16 CONTINUE
206 GO TO 17

..207 15 CALL CURNrC(XC*NTeCUR*OI
-208 17 WRITE(3927)
20'9 21 FORMAT(*0 REAL JT IMAG JT 'REAL JP Ii4AG JP MAG JT

-210 1MAG JP*)
211 Do 10 J=1*NT
212 P1=CA8S(CUR(J)J
*213 C2=CUR(J+t4T)
214 P2=CAeS(C2)

215 WRITE(391l) CUR(J) oC2vPI.P2
*216 11 FORMAT(1X96E11o43
217 10 CONTINUE

218 ORITE(3912)
29 12 FORMAT(80 REAL 0 IMAG 0 MAG 0')

220 DO 13 J=19NT
422t P1=CABS(OCJ))

222 WRITE(3*113 G(J,.PI
.,223 13 CONTINUE
..224 STOP

-225 E NO
$DATA

431 0.1256637E-01
$STOP

PRINTED OUTPUT
NT NT

* 31 Co125663?E-01

REAL JT IMAG JT REAL JP IMAG JP MAG JT MAG JP
-0o1500E*01 Oo293PE-01 0o1500E*O1-0*2932E-01 O.1500E*01 0*1500E*01
-091500E+01 0.2916-E-01 0*1492E*01-O.2909E-01 0o1500E*0I 0*1492E.O1
-0*15OOE*O1 0*286SE-01 0o1467E+01-0*2842E-01 0*1500E.01 0*1467Ee01
-0oI5OOE*O1 0o2789E-01 O.1426E+01-0*2732E-01 091500E+01 001427F.01



-Os1500E+O1 O.2679E-O1 O.1370E4Gl-O.25S6E-O1 0&15O0E*O1 0*13?OEEO1
-Ool5COE*O1 O.2539E-O1 Oo1299E+O1-O.2409E-O1 Ool500E+O1 O.1299E4OI
-0*15OOE+O1 Oo2372E-O1 Ov12l3F4Ol-Oe22O9E-01 ColSOOE+Ol Ool214E4O1
-Ool500EG01 092179E-01 O.1115E4Ol-Oo1994E-O1 091500E+01 O.1115E*O1
0&.1500E+01 O.1962E-OI O.1004E*Ol-Oot776E-O1 OeI500E*OI Oo1004E*O1

O.*15OOE+O1 OvI723E-OI OeB816E4OO-O.1561E-O1 Oel5OOE*Ol o.881?EIOO
-Oo1500E*OI OeI466E-O1 Oo7499E+OO-O.12361E-Ot Co.SOOE*Oi Oo7501E*OO
-Ool500E+O1 O.1193E-01 O.6101E*OO-O.1184E-O1 O.15OOE+01 O.6102E*OO

-O*1500E*O1 O.9060E-02 O.4635E+OO-OoiO38E-O1 O.1500E*O1 Oo4636E4OO

-0*15OOE+O1 O.6096E-02 Co3ll8E4OO-Oo9284,E-02 O.1500E+O1 003120EO00
-O.1500E4O1 0*3064'E-02 Ool568E.OO-O.8608E-02 Oo1500E*O1 O.1570E+OO

-O*iSOE+Oi-Oo9828E-06 o.4459E-o6-Oo837gE-02 O.15OOE+O1 098379E-02
-O.150OE,'01-O.3O66E-02-O.1568E4OO-O.86O8E-02 Os1500E+O1 OoKSTOEUOO

-Oo1500E+OI-O.6098E-02-Go3118E4OO-O.9285E-02 Oo1500E4O1 O.3120E4OO

* -O.1500EO1-O.9062E-02-Oe4635E400-Oe103eE-O1 Ool500E+O1 0*4636E4OO
* -0. 1500E+Ol-Q. 1193E-01-C.61 ClE*OO-O.1184E-Ol O.1500E+O1 096102E+00

-0 Oo500E+01-0*1466E-01-0*7499E+00-0*1362E-01 C.1500E*O1 
O.7501E+00

-0. 1500E4O1-0.1724E-01-O.8816E+0O-O.1562E-O1 O.1500E*O1 O.#S8I7E00
-0.1500E,01-0.1I962E-O1-O.1004E+01-0.I77EE-O1 Oe15OOE+01 0.1004E4O1
-O.1500E4QI-O.2l79E-OI-0.1115E+01-0.1995E-01 O.1500E4O1 O.1115E401

-0. ISOOEGOI-0.2372E-O1-0 * 2t3E+01-O.2209E-01 0*1500E+O1 O.12t4EG01

* -0.ISOOEO1-0.2540E-O1-O.12g9E+O1-O.2409E-01 0.1500E*O1 0.1299E*OI

-O.1500E40I-0.2679E-O1-Oel370E+O1-0.2586E-01 Oel500EG01 0.1370E401
-Q.I5Q0EGO1-Oo278'9E-01 -0. 1426E+O1-O.2?32E-01 0.1500E*O1 0.1427EG01

-0.1500E+CI-0.286eE-01-0.l'467E+01-0.2842E-OI0. 15IOOE+OI 0*1467E+O1

-0.1500EG01-O2.29l6E-01-0.I492E+01-0.2909E-01 C*1500E*01 0*1492E+01

* -0.1500E4O1-0.2932E-01-0.1500E401-0.2932E-Ot 0.1500E*01 0.1500E401

REAL 0 IMAG 0 MAG 0

0*1899F-01-0*1908E-03 O.1899E-Ol

0*3136E+00-0.32'56E-02 0*3136E40O

Oo6238E,00-3o63g0E-02 0*623E8E+00

* 0*9271E.00-0.9234E-02 0*9271E+00
0.1220E+01-OoI167E-OI O.1220E*0I
0*1500E4O1-09136LE-01 0*15COE401
0*1763E401-Oo1494E-O1 0*1764E#O1
0*200SE001-0.1562E-01 0.2008E+O1
0. 2230E+01-0*1562E-O1 0.2230EO01
0*2427E0-0 .1o494E-O1 0*2427E+O1
0#2598E.Ol-0 .136 IE-01 0.2598EgO1
0.2741E401-Col l6eE-01 0*2741E+OI
0*2853E401-0.9237E-O2 0.2853E*01
0.2935E,01-0.6393E-02 43.2935E+01
0*2984E+01-O .32 ?OE-02 0*2984E,01
0 o3 C 0E +01 -0 e3979E -C05 0*3000E+OI
092984E+01 0*3262E-02 0*2984E+O1
0*2935E4Q1 0*63e5E-02 0*2935E401
0.2e53EG01 o.922q9E-02 0.2853E*O1
0*2741E40I 0*1167E-0I 0.2741E+01
0,2598E+01 0.1360E-01 0*2598E4O1

* 0242?F401 O.1494E-01 0*2427E+0I
g 0*2230E4O1 Oo1562E-O1 0&2230E+01

0.2008E*O1 0*1562E-Ot Oe2008E+OI
0*1763E*01 0*1494E-01 001764E+01
0.l500E#Ol 0.t360E-01 0.1500E401

* 0*1220E*Ot 0*1167E-01 0*1220E4Ot
* 09271E+00 0.g232F-0 0*9271E*0O
* Oo6238E+00 Q.638SE-02 0b3E0

O.3136E*00 0*3265E-02 0.31 36E*00K
091C36E-02 O.I085E-C4 Oo1036E-02
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